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PREFACE

Many of the figures in this thesis are photographic reductions
of computer-generated images. In some cases the small lettering in
the figures is not iegible. In each of these instances, no pertinent
information is contained in the illegible lettering. The figures are
included primarily to illustrate the nature of computer graphics

displays. b
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1. INTRODUCTION

Since the collapse of the Ronan Point apartment building in 1968
[17*, considerable attention has been focused on the phenomenon of pro-
gressive collapse. A progressive collapse is characterized by the loss of
load carrying capacity of a small portion of a structure due to an abnor-
mal load which, in turn, triggers a cascade of failure affecting a major
portion of the structure. The Ronan Point incident pointed out most
dramatically that there exists a need for considering the resistance to
progressive collapse in design. Several buildings have collapsed in this
manner in recent years (see Reference [2]) and the possibility of pro-
gressive collapse is a source of continuing concern.

Several approaches have been proposed for including progressive
collapse resistance in the design of building structures. The direct
design approach explicitly considers resistance to progressive collapse
and the ability of a structure to absorb localized damage. Indirect
design refers to consideration of resistance to progressive collapse by
providing minimum levels of strength, continuity, and ductility. The
intent of either approach is to assure that, in the event of an abnormal
load, damage will be restricted to a localized area and will not propagate
through the remaining structure causing widespread fajlure and possible
coliapse.

To investigate whether or not a local failure will spread, the
structural analyst needs procedures that account for the sequential nature

of the phenomenon wherein progressive failure of portions of the structure

*
Numbers in square brackets refer to references at the end of the Thesis.



continually modifies the structural system under analysis. The procedure
must be capable of tracing the behavior of the structure not only to the
point of incipient damage, but beyond the initial damage stage into a
true 1imit state in which the badly damaged structure is called upon to

resist imposed loadings.

1.1. Objectives of Research

The research reported herein is directed towards the goal of develop-
ing accurate analytical techniques for simulating the actual behavior of
structures up to, and through, collapse. Initial work has focused on the
nonlinear analysis of elasto-plastic planar steel frame structures sub-
jected to non-proportional static joint loads. A computer program has
been developed for the analysis of frame structures including beam-
column action and the effects of shear walls and beam-to-column connec-
tions. Both geometric and material nonlinear behavior may be modeled.

O0f particular note is the capability to remove selectively one or more
structural members during the course of analysis to simulate the loss,
through accident, of load carrying capacity. Computer graphics capabili-
ties permit the rapid generation of structural data and facilitate the
review of the Targe amount of data resulting from nonlinear analyses.

This analysis capability may be employed in several ways to imple-
ment the varicus progressive collapse design strategies. For example, it
can be used to determine if a structure is able to develop alternate load
paths upon the removal of one or more load carrying members. Alternatively,
results from an analysis may be used to assist in evaluating requirements

for the application of the indirect design method such as ductility or



joint forces. It is intended that this capability will provide the
foundation for the analysis and design of complex building structures to
insure against progressive collapse.

To date there has been very little research specifically directed
toward the development of analysis techniques for the resistance of build-
ing structures to progressive collapse. McGuire and Leyendecker [3]
studied several examples of contemporary masonry building construction to
determine the resistance of actual buildings to abnormal loads. In their
work, a combination of hand calculations and existing computer analysis
techniques were used to determine the strength of component members.
Clough and Petersson [4] analyzed several structures as part of an inves-
tigation of progressive collapse in prefabricated large panel concrete
building systems. The studies included linear static, nonlinear static,
and both linear and nonlinear dynamic analyses of the damaged building.

Again, conventional computer analysis techniques were employed.

1.2. Scope of Investigation

The basic concepts and definitions of abnormal loading and progres-
sive collapse are presented in Chapter 2. Here, the occurrence of
abnormal loads and the associated risk of structural failure are discussed.
Various design strategies to prevent progressive collapse are presented
and the implementation of direct design strategies is described.

Finally, the application of the analysis capability developed herein is
discussed in relation to design for the prevention of progressive

collapse.



The analysis of structures to account for material and geometric
nonlinear behavior is discussed in Chapter 3. The direct stiffness method
is first reviewed. Several nonlinear solution techniques including incre-
mental, iterative, and mixed procedures are discussed next. Then the
incremental form of the beam-column stiffness matrix is developed from
the principal of stationary potential energy. The simple-step and pre-
dictor-corrector incremental procedures used in the current study are
described. Several program features such as the incremental-step termina-
tion criteria, load-step tolerance, and post-collapse behavior are also
discussed.

In Chapter 4 the various structural elements which constitute the
present capability are described. These elements include a beam-column,
shear infill panel, and semi-rigid connection. Since the intent of the
analysis program is to evaluate building structures at or near collapse,
the elements presented here must be capable of accurately representing
the behavior of structural components as damage is incurred. Considerable
attention is devoted to the inelastic and nonlinear behavior of these
elements.

Chapter 5 presents a description of the progressive collapse analysis
system. Interactive computer graphics is first described as it relates to
the present study. The four basic system functions are next described:
problem definition, analysis control, member removal, and result inter-
pretation. Photographs of both black and white and color graphic displays
are used to illustrate the program capabilities and interactive environ-

ment. Finally, the program file structure and data flow are presented.



Several examples which illustrate the use of the progressive
collapse analysis system are presented in Chapter 6. The examples include
verification of analysis results by comparison with test data and known
solutions. In addition, several applications are presented which demon-
strate the member removal capability and the subsequent analysis to
determine the collapse resistance of the structure under consideration,
Photographs of the various computer-generated displays illustrate the
use of computer graphics in both the definition of the example problems
and the interpretation of the analysis results.

In Chapter 7 a summary of the results of the current study is
presented. Some conclusions are drawn and areas for future work are

outlined.



2. PROGRESSIVE COLLAPSE AND ABNORMAL LOADS

It has long been recognized that absolute safety against all
possible conditions and hazards can never be achieved [5]. Safety is
related to both the risk of an accident and the structural consequence
of a particular accident. Past experience has shown that this combina-
tion has been adequately dealt with since there have been relatively
few serious building failures. Structures designed to withstand normal
load conditions have usually been capable of tolerating abnormal load
conditions. This is due, in part, to the inherent strength and conti-
nuity of most older forms of construction. Recent developments in the
efficient use of building materials as well as refinements in analysis
techniques have resulted in structures which are constructed with a
considerably smaller true margin of safety. Such structures may have
1ittle reserve capacity to accommodate abnormal load conditions. Further,
some may not have the continuity or ductility needed to redistribute
resistance following a local failure. It is clearly no longer sufficient
to assume that a structure designed for normal cowditions will react
satisfactorily to the abnormal or accidental condition [5].

Since 1968, there has been concern that buildings, most notably multi-
story buildings, are being designed and built without explicit consider-
ation for abnormal loads. In May of that year, the Ronan Point apartment
building in London, England suffered one of the world's worst structural
collapses [1]. In this incident, an explosion resulting from a gas leak
blew out an exterior wall on the eighteenth floor of the twenty two story
precast concrete panel building. The resulting loss of support to the

nineteenth floor caused it, in turn, to collapse. This loss-of-support



failure propagated to the roof. The debris from the collapsing floors
above fell onto the eighteenth floor which caused it to fail also. This
failure due to debris loading cascaded down to the podium level leaving
in ruin one quadrant of the twenty two story building. A failure such as
this is termed a progressive collapse.

In the United States, the frequency and severity with which abnormal
loadings occur is relatively significant [6]. Allen and Schriever [2]
conducted a survey to determine the frequency of occurrence of progres-

sive collapse. Two news sources, Engineering News Record and the Canadian

Press newspaper, were used. The results of the survey are shown in
Table 2.1. Coverage of Canadian collapses spans a longer period which
accounts for the greater number shown for Canada. Results of the ENR
data indicate an average of 5.5 progressive collapses per year over a
four year period. The survey of Canadian news clippings, spanning a ten
year period, indicates a higher estimate of 7.5 collapses per year. The
total number of progressive collapses in both cases is considerable. This
survey concludes that progressive collapse constitutes about 15 to 20 per-
cent of the total number of collapses. This data no doubt represents a
lower bound estimate of the freguency of occurrence of progressive
collapse since it is unlikely that all incidents were reported in these
two data sources.

It is clear that buildings should not be designed and constructed
so as to be susceptible to progressive collapse. This is not to say that
they should be built to withstand damage due to an abnormal load by
having excessive strength. Rather, a building should be able to tolerate
local damage, regardless of the cause, without suffering progressive

collapse [7].



Engineering

News Record Canada
Collapse Designation (4 years) (10 years)

During Construction

Due to impact, explosion 2 1

Formwork, bracing or erection error 10 35

Design error 1 0
During Service Life

Due to explosion 1 0

Due to impact 4 8

Design, manufacture or construction error 3 22
During Demolition, Adjacent Excavation 1 6

TOTAL 22 75
Total News Incidents Involving All Types
. of Collapse 110 495

Table 2.1 News Incidents Involving Progressive Collapse
(Reference 2)



2.1 Basic Concepts and Definitions

A progressive collapse is described as a chain reaction of failures

following damage to a relatively small portion of a structure [8]. The
damage which results characteristically is out of proportion to the damage
which initiated the collapse. Three components may be defined which are
necessary for a progressive collapse. They are: (1) the occurrence of

an abnormal load event, (2) the failure of one or more structural ele-
ments as a result of the abnormal load, and (3) a propagation of failure
affecting a major portion of the structure. The sequence of events that
occurs during structural collapse [9] is shown schematically in Figure 2.1.
This diagram serves to facilitate the evaluation of a structureal collapse
to determine whether or not it constitutes a progressive collapse.

An abnormal loading may be defined as a condition of loading which

a designer, following established practice, does not include in the normal
course of design of a particular structure. It is a loading condition of
sufficient severity and probability of occurrence to be a cause for con-
cern, but still of such a relatively rare nature as to be outside of
normal design-life expectancy [8]. Since it is not possible to design for
absolute safety, the designer must consider only those abnormal events
which have a reasonable probability of occurrence. In the next section
the sources of abnormal loads, the probability of their occurrence, and

the risk of structural failure are discussed.

2.2 Abnormal Loads and the Risk of Structural Failure

In this section, the various abnormal loads which have a reasonable

probability of occurrence and which have a sufficient magnitude to cause
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EVENT

{

Member(s) failure |remgm—

YES Total collapse

CHAIN REACTION OF FAILURES,

NO .
Y FOR A PROGRESSIVE COLLAPSE

Loads redistribute

Strength, continuity

YES
Y

Loads supported

l

Collapse stops

Damage out of proportior™
to initial failure

. Colfapse, but not progressive

YES

Progressive collapse

Figure 2.1 Sequence of Events During Structural Collapse
(Reference 9)
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structural damagz are identified. Next, the probability of the occurrence
of abnormal loads and the consequent risk of structural failure are

addressed.

2.2.1 Classification
Somes [8] has identified and classified various abnormal loadings for
which the probability of occurrence seems significant. They are as
follows:
(1) Violent change in air pressure
Sabotage bombings
Service system exb1osions
Other explosions within the building
Explosions external to the building
(2) Accidental impact
Highway vehicles
Construction equipment
o Aircraft
(3) Faulty practice
Design error
Construction error
Misuse or abuse by the occupant
(4) Foundation failure
Unforeseen settlement
Foundation wall failure
Scouring action of floods on foundations

Adjacent excavation
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This system for classification of abnormal loads is quite complete. Two
points are worth noting, however. First, not all loads which have a
reasonably high probability of occurrence actually constitute a signifi-
cant risk of structure failure. And, second, data on all of the above
abnormal loads is not readily available and is often incomplete when it is
available. In the next section, the risk of occurrence of some of these

loading conditions and the associated risk of collapse are discussed.

2.2.2 Probability of Occurrence of Abnormal Loads

In a report on the incidence of abnormal loading in residential
buildings, Leyendecker and Burnett [10] assess abnormal loadings to
determine whether or not they can continue to be neglected in design.
In their report they discuss sources of abnormal loads and estimate the
risk of such loading in residential building design. The loadings con-
sidered are as follows:
(1) Gas-Related Explosions
(2) Bomb Explosions
(3) Motor Vehicle Collision with Buildings
) Sonic Boom
) Aircraft Collision with Buildings
) Explosion of Hazardous Materials.
These loadings fall into the first two categories defined by Somes. The
authors point out that the loadings do not constitute a complete list of
the abnormal loadings that may occur. Rather these loads represent

plausible potential sources of the initial failure which may lead to

progressive collapse. It was concluded [10] that only the gas-related
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explosion, bomb explosion, and motor vehicle collision with buildings
constitute a realistic problem for buildings. To compare the data for
these loadings, the following definitions of terms were adopted:

(1) Total Incidents - A1l incidents involving a particular
abnormal load.

(2) Intermediate or greater damage - Damage in excess of $1000
for gas explosions; $1000 for vehicle collision, or described
as intermediate or greater for bomb explosions. This level
implies fairly extensive damage such as walls blown down.

(3) Severe damage - Damage in excess of $10,000 for gas explosions;
$5,000 for vehicle collision, or described as severe for bomb
explosions. This level implies extensive damage, such as
unit destroyed.

The annual frequency of occurrence of the gas explosion, bomb explosion,
and vehicle collision is summarized in Figure 2.2.

Leyendecker and Burnett used this data to compute the probability
of structural failure given the occurrence of an abnormal load. Let F
indicate failure and AB the occurrence of an abnormal Toad event. The

probability of failure due to abnormal loads, P(F) may be stated as
P(F) = P(F]AB) x P(AB) (2.1)

in which P(F|AB) is the probability of failure given an abnormal load
event, and P(AB) is the probability of occurrence of én abnormal load
event. Since data for the probability of failure, P(F) are not readily
available, data were presented in the form of the probability of damage

above a specified level. If Dp is defined as the damage at the
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specified level p, the probability of damage above a certain level may

be written as
P(Dp) = P(DplAB) x P(AB) (2.2)

in which P(Dp[AB) is the probability of damage above a prescribed

level given an abnormal load event, P(AB) is the probability of occur-
rence of an abnormal load event, and the subscript p indicates the pre-
scribed damage level, e.g. intermediate or severe. Thus, the probabiltity
of damage above a specified level given an abnormal load event,

P(DplAB), is computed as
P(DplAB) = P(Dp)/P(AB) (2.3)

Both P(Dp) and P(AB) are obtained from the data in Figure 2.2. The
calculated estimates of P(Dp[AB) are given in Table 2.2.

Leyendecker and Burnett make the assumption that severe damage is
equivalent to structural failure. Based on this assumption they draw
the following conclusions:

(1) Gas explosions occur with an annual frequency of 18 events

per million dwelling units with an annual frequency of 1.6
events per million dwelling units causing structural failure.
This represents a 9 percent probability of structural failure--
given that the event occurs.

(2) Bomb explosions occur with an annual frequency of 2.1 events

per million dwelling units with an annual frequency of 0.22
events per million dwelling units causing structural failure.
This represents an 11 percent probability of structural fail-

ure--given that the event occurs.
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(3) Vehicle collisions occur with an annual frequency of 600
events per million dwelling units with an annual frequency of
6.8 events per million dwelling units causing structural failure.
This represents a 1 percent probability of structural failure--

given that the event occurs.

The probability of failure (or severe damage), as expressed in
equation 2.1, consists of the probability of occurrence of an abnormal
load event, P(AB), as well as the probability of failure given that
the abnormal event occurs, P(F|AB). To reduce the probability of fail-
ure, the structural designer must reduce either P(AB), P(F|AB) or a
combination of the two. The first of these is certainly more difficult
to accomplish as many abnormal Toadings are beyond the control of the
designer. The more obvious solution is to design a structure so that the
probability of failure, given the occurrence of an event, is acceptably

small. These alternatives are discussed in more detail in the next

section.

2.3 Design to Prevent Progressive Collapse

The approaches for reducing the risk of progressive or chain reac-
tion type of failure may be categorized as follows [11]:

(1) Event control

(2) Indirect design, and

(3) Direct design.

Each of these approaches is discussed in the following sections.
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2.3.1 Event Control

Event control refers to reducing the risk of progressive collapse by

such means as [9]:

(1) Eliminating the event

(2) Protecting against the event

(3) Reducing the effect of the event.

To reduce the risk of a gas explosion, for example, the use of gas in an
apartment or residence could be prevented. The effect of a gas explosion
could be reduced by providing explosion venting to reduce the pressure
buildup. Motor vehicle impact on buildings could be minimized by either
locating the building a distance from roads and highways or by providing
barricades to prevent vehicle collision.

In the case of event control it is necessary that all reasonably
foreseeable abnormal load events be identified. This approach does not
increase the resistance of a structure to progressive collapse. Further-
more, event control is dependent on factors that are outside the control
of the designer. Event control, therefore, is not considerad a practical
means for reducing the risk of progressive collapse [9]. The remaining
two approaches are more easily implemented since they are both within the

control of the designer.

2.3.2 Indirect Design

Indirect design refers to consideration of resistance to progressive

collapse by specifying minimum levels of strength, continuity, and duc-

tility [9]. McGuire [12] uses the term general structural integrity to

describe this approach. This method, by itself, does not guarantee that
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an alternate load path exists in the event of a localized failure. In
addition, E1lingwood and Leyendecker [11] point out that unless the rea-
sons for the minimum code requirements are apparent, a designer of an
unusual structure may overlook the need for considering progressive
collapse. Also, minimum requirements would have to be established for
different types of construction and would have to be revised as practices
change. The development of minimum levels of strength, continuity, and
ductility to be included in building codes requires additional investiga-

tion. This point will be discussed later with regard to the current study.

2.3.3 Direct Design

The direct design approach explicitly considers resistance to pro-

gressive collapse and the ability of a structure to absorb localized
damage [11]. Two basic means of direct design are:

(1) The specific local resistance method and

(2) The alternate load path method.
The intent of the specific local resistance method is to provide suffi-
cient strength to resist an abnormal load. That is, the load bearing
structural elements must be able to remain standing under the extreme
load. For example, the Ronan Point collapse would probably not have
occurred had the external load-bearing walls been designed to withstand
the pressure load of a gas explosion. One drawback of this approach is,
however, that a specific collapse-initiating event must be identified so
+hat the local resistance can be referenced to a specific limit state[11].

The alternate load path method, in contrast, permits local damage

to occur but provides alternate paths around the damaged area so that
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the structure is able to absorb the abnormal load without collapse. In
the event of the loss of load carrying capacity of a structural member,
the forces in adjacent members redistribute and the loss of support is
accommodated by bridging over the damaged area. For the alternate load
path method the abnormal load need not be specifically identified.

The above definitions are useful in providing a basis for consider-
ing strategies for reducing the risk of progressive collapse. These
alternatives are not, however, mutually exclusive. The resistance of a
structure to progressive collapse may be evaluated by analyzing it to
determine whether alternate load paths around the damaged area can be
developed. Alternatively, alternate path studies may be used as guides
for developing rules for the minimum levels of strength, ductility, and
continuity required to assure general structural integrity. For some
buildings, it may not be possible to develop alternate load paths as the
structures were originaily designed. When this occurs, it may be
desirable to redesign critical elements for specific local resistance so
that the structure is then able to develop alternate load paths. In
this manner the various approaches may be combined to provide a collapse
resistant design. Guidelines for the implementation of the direct

design methods are presented in the next section.

2.4 Implementation of Direct Design Strategies

Specific criteria for checking the ability of a structure to tolerate
damage and resist abnormal loads are given by E1lingwood and Leyendecker
[11]. Design equations are presented for both the specific local resist-
ance method and the alternate load path method. They are written in

terms of factored nominal resistance and factored loads. This is desirable

\
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because of the uncertainties that arise from statistical variability in
the structural resistance and the applied loads. In addition, abnormal
load events occur infrequently and randomly in time. Design criteria
should reflect this. Load factors that are commensurate with the level
of design uncertainty and a corresponding small acceptable failure proba-
bility should be selected using probabilistic methods. The resistance

factor depends on the construction material.

2.4.1 Specific Local Resistance Method

The specific local resistance method requires that a specific
abnormal loading be jdentified and assessed as to its magnitude and
direction. A reliability analysis based design equation for specific

Jocal resistance proposed by Ellingwood and Leyendecker [11] is
oR" 2 D + 0.4Ly e + 1.3A (2.4)

in which ¢ is the resistance factor, R' is the nominal resistance,
D 1is the dead load, L is the short-term live load*, and A' is the
specified abnormal load. Note that wind load has been omitted since it
is reasoned that the probability of a joint occurrence of strong wind

and abnormal load is negligible.

2.4.2 Alternate Load Path Method
A structure may also be evaluated for resistance to progressive

collapse using the alternate path method. Such a determination is made

*ANSI refers to American National Standard, ANSI A58.1 [13]
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by assuming that the primary structural elements are incapable of carrying
load, one element at a time, and evaluating the resulting structural
behavior. When a primary structural element is removed, the remaining
structure must continue to support its existing loads for a sufficient
period of time to safely evacuate the building. Primary structural ele-
ments as defined by Leyendecker and Ellingwood are:

(1) Major load carrying beams

(2) Floor slabs between supports

(3) Columns

(4) Bearing wall panels.

The design equation for applying the alternate Toad path concept is

6R' > D + 0.45L + 0.20W (2.5)

ANST

in which ¢ 1is the resistance factor, R' 1is the nominal resistance,

D 1is the dead load, L 1is the short-term live load, and W is the
monthly maximum wind. The effect of wind is included in this case since
the damaged building must be able to function for an extended period of

time.

2.5 Analysis and Behavior of Damaged Structures

Development of design and construction procedures to minimize the
risk of progressive collapse requires analytical capabilities which go
well beyond those used in conventional design. To investigate whether or
not a local failure will spread, the analyst needs procedures that account
for the sequential nature of the phenomenon wherein progressive failure of
portions of the structure continually modifies the structural system under

analysis. The procedures must be capable of tracing the behavior not only
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to the point of incipient damage, but beyond the initial damage stage
into a true limit state in which the badly damaged structure is called
upon to resist imposed loadings.

The analysis of structures in the damaged state is extremely complex.
While a number of researchers have considered force redistribution in
1imit design studies, these have generally involved flexural capacity only
and do not consider the large deformations and drastic changes in force
paths that occur in the damaged state [14]. A particularly important
area of study with respect to collapse analysis is the behavior of joints.
The force-displacement relationships of joints, including nonlinear
behavior as well as slip characteristics, must be included in any realis-
tic analysis.

A recent workshop on progressive collapse [14] identified the devel-
opment of such analysis capability as a major research need. It was
concluded that there is an immediate need to begin development of accu-
rate analytical techniques for simulating the actual behavior of struc-
tures up to, and through, collapse. These methods should be adaptive in
character, that is, they should be capable of detecting changes in the
behavior of the structure as loads increase and of permitting interactive
accommodation to these changes in subsequent stages of the analysis.

The research reported herein is directed towards the goal of develop-
ing a highly accurate and generalized computer program for the analysis
of structures for progressive collapse. The more tractable problem of
planar frame structures has been undertaken. The program is based on
the finite element method and is modular in character. That is, it
readily permits the addition of structural members or elements. At

present three elements are included for the representation of framed
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building structures; beam-column, shear wall, and connection. The
analysis takes into consideration both material and geometric nonlineari-
ties. Inelastic nonlinear behavior of the various component members is
handled in a consistent fashion. One of the unique features of the
analysis capability is that it permits the removal of one or more load
carrying members during the course of analysis. The theory, formulation,
and implementation of this computer program is extensively covered in the
remaining sections of this thesis.

The computer program described herein is directly suited for the
analysis of structures for resistance to progressive collapse. It can be
employed in any of several ways to implement the strategies previously
described. Three alternative ways in which such an analysis capability
can be used are:

(1) To determine if alternate paths may be developed upon the

removal of one or more load carrying members. This is a
direct application of the alternate load path method.

(2) To identity those elements which, if removed, would precipitate
a collapse. These elements could then be designed to resist
failure in the event of an abnormal load using the specific
local resistance design strategy.

(3) To assist in evaluating requirements for general structural

integrity such as ductility, tie forces, joint resistance,
and continuity.
Examples demonstrating the application of these techniques to evaluate
the resistance of framed building structures to progressive collapse

are presented in Chapter 6.



3. NONLINEAR STRUCTURAL ANALYSIS

The assumption of linear structural behavior is often made in the
analysis of practical frame building structures. For structures subjected
to extreme loads, however, the assumption of linear behavior cannot, in
general, be justified. Failure or yielding of portions of the structure
and excessive deflections characterize the behavior of buildings subjected
to abnormal loads. The analytical procedures incorporated into the com-
puter program described herein take account of the various material and
geometric nonlinear effects that become important in the evaluation of
structures in a damaged state. In this chapter the main features and
capabilities of the nonlinear analysis procedure employed in the present
study are presented.

In nonlinear structural analysis, two different types of nonlineari-
ties may be identified (see Reference [15]). The first is material or
physical nonlinearity which results from nonlinear constitutive laws.

The second is geometric nonlinearity which results from finite changes

in geometry. Both material and geometric nonlinearity are accounted for
in the current analysis capability. For material nonlinearity, special
attention is given to elasto-plastic behavior of frame members, nonlinear
moment-rotation characteristics of beam-to-column connections, and shear
cracking of infill panels. For the three element types included in the
present analysis capability, only the frame member exhibits significant
geometric nonlinear behavior. Discussion of the nonlinear material
behavior of the various structural elements noted above is deferred until

the next chapter.

25
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In the following sections computational procedures to account for
nonlinear behayior are discussed. The chapter is divided into essentially
two parts. The first part (Sections 3.1-3.4) deals with the formulation
and solution of material and geometric nonlinear problems. The direct
stiffness method of analysis is discussed first since it forms the basis
for the nonlinear solution technique employed in the current study. Next,
the incremental stiffness procedure, which has been adopted for this study,
is outlined. The nonlinear incremental stiffness matrix for the beam-
column element is then developed using a formulation based on a moving,
or updated, coordinate system. Finally, two solution procedures which
have been implemented are explained. They are the simple-step procedure
and the predictor-corrector procedure. The second part of the chapter
(Sections 3.5-3.7) is devoted to a discussion of several features included
in the analysis program for the implementation of the nonlinear solution
techniques. These features include the step termination criteria, the

load-step tolerance, and post-collapse behavior.

3.1 Direct Stiffness Method

In matrix methods of structural analysis (see, for example,
References [15-17]), a structure is idealized as an assemblage of
deformable elements or members. These elements are connected at nodes
or joints. The exact or approximate deformation and force states within
a structure subjected to a system of forces applied at the nodes may be
completely defined by a set of displacement parameters associated with
each node. In the stiffness method, these displacement parameters are
the primary unknowns or degrees of freedom of the system. For the

current case of a planar frame, three degrees of freedom are considered
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at each node; two translational displacements and one rotational
displacement.

Before considering the displacement degrees of freedom, the distinc-
tion between global and local coordinate axes must first be made. The
global axes are those established for the complete structure. A set of
orthogonal axes designated by X and Y s used in the present study.
The local (or element) axes are fixed to the respective elements and are
designated by x and y. The global coordinate axes and the local
coordinate axes for a line element are shown in Figure 3.1.

The displacement components required for the definition of the
behavior of a structure may be written in terms of either the local or
global coordinate directions. For the global axes, these displacement

components for the i-th node are given by *
.} = LU, V. 6.] (3.1)
i i i '

in which Ui is the translation in the global X-coordinate direction,
Vi is the translation in the global Y-coordinate direction, and ei

is the rotation about the giobal Z-coordinate direction (orthogonal to
X and Y). For the local coordinate axes, the displacement components

for the j-th node of an element are given by
(9.3 = Lu,vs6.] (3.2)
J J J3J i

in which uj is the translation in the local x-coordinate direction,

%*
| | indicates a row vector, { } a column vector, and the superscript T
denotes the matrix transpose.
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vj is the translation in the local y-coordinate direction, and ej is
the rotation about the local z-coordinate direction. The positive sense
of the global displacement components and the local displacement compo-
nents for a representative element coordinate system is shown in
Figure 3:1.

The element stiffness relates the force and deformation character-
istics of an element to the local displacement degrees of freedom asso-

ciated with the element nodes. The matrix expression for the element

equilibrium equation is
[k1l{q} = {Q} (3.3)

in which [k] 1is the element stiffness matrix, {q} 1is a vector of
element displacements, and {Q} 1is a vector of element forces. Note
that these quantities are written with respect to the local element
coordinate system. Once the element stiffness matrix has been formulated
in local coordinates, it may be transformed to the global coordinate

directions by the following transformation.

[Klg1pa1 = LF1KILT] (3.4)

in which [k] is the element stiffness matrix referenced to the

Tobal
global axes, g[k] is the element stiffness matrix referenced to the local
axes, and [T] 1is the transformation matrix which consists of direction
cosines relating the local and global coordinate directions.

Based on compatibility of displacements at the nodes and equilibrium
of the nodai forces, the equations representing the,behavior of the

complete structure may be formed from the individual element stiffness

relations and load vectors. In the direct stiffness method, the total
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structure stiffness is formed by simply adding the stiffness coefficients
associated with each active degree of freedom. Similarly, the total
structure load vector is assembled by adding the element nodal forces
associated with each active degree of freedom. The equilibrium relation

for the complete structure is written in matrix form as
[K1{r} = {R} (3.5)

in which [K] 1is the stiffness matrix for the complete structure, {r}
is the vector of global displacements, and {R} 1is the vector of global
node forces. Equation 3.5 represents a set of simultaneous linear alge-
braic equations which may be solved by any of several well known tech-
niques. In the next section it will be shown how the direct stiffness

formulation is extended to the analysis of nonlinear structural behavior.

3.2 Incremental Nonlinear Analysis

The direct stiffness method was first extended to the analysis of
geometric nonlinear structures by Turner, Dill, Martin, and Melosh [18].
Early studies such as this, and works by Martin [19], Argyris [20], and
Felippa [21] used an incremental approach whereby the nonlinear problem
was analyzed as a sequence of linear problems. Since these pioneering
studies a considerable amount of attention has been directed toward the
formulation and solution of nonlinear structural problems. The reader
js directed to several survey papers [22-27] for a comprehensive assess-
ment of the solution of nonlinear structural probiems.

Solution procedures for nonlinear structural analysis may be divided
into essentially three classifications; incremental procedures, iterative

procedures, and step-iterative or mixed procedures. Incremental
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procedures approximate the nonlinear problem as a sequence of linear
problems, That is, the load is applied as a sequence of sufficiently
small increments so that the structure can be assumed to behave T1inearly
during each increment. The nonlinear load-deflection path is therefore
only approximated and equilibrium is not satisfied. Iterative procedures
seek to satisfy the nonlinear relations at a specific load level by
applying successive linear corrections to an initial linear solution until
equilibrium is satisfied to some predefined degree of accuracy. Mixed
procedures, as the name implies, are combinations of incremental and
iterative techniques. They attempt to combine the most attractive features
of each method. For example, the true load-deflection curve may be traced
by applying an iterative technique for several increments of applied load.

Iterative procedures, such as Newton-Raphson and successive approxi-
mations, are the most widely accepted methods for problems involving
geometric nonlinearity alone. The Newton-Raphson method, in particular,
is very efficient. Tillerson, Stricklin, and Haisler [28] indicate,
however, that it is the iterative nature of these formulations which
generally precludes their use in material nonlinear, path dependent appli-
cations. The Newton-Raphson procedure, for example, fails to converge
when elastic unloading occurs [25]. Since the response of building struc-
tures subjected to extreme loads is path-dependent, iterative solution
procedures are considered to be unnecessarily restrictive for this class
of problems.

Incremental procedures, on the other hand, are particularly attrac-
tive since they permit the combined effects of material and geometric
nonlinearity to be incorporated in a straightforward manner [29]. Also,

the entire Toad history may be traced using an incremental approach,
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This is not necessarily the case with iterative procedures unless the
load is applied in increments and equilibrium is achieved by iteration at
each step (mixed procedure). In addition, the post-collapse behavior
(unstable region) may be traced with relative ease using the incremental
procedure. This topic is covered in more detail in Section 3.7. The
nonlinear analysis program described herein employs an incremental pro-
cedure.

One of the major drawbacks of the simple incremental procedure, as
compared with various iterative procedures, is that equilibrium is, in
general, not satisfied., That is, the solution tends to "drift" from the
true load-deflection relation. The results can be improved by reducing
the load increment which, of course, tends to increase the solution time.
A "mid-point" or "predictor-corrector" scheme, as described by Felippa
[21], may be employed to improve the solution accuracy. This method is
used in the present study and is described in Section 3.4.2.

The nonlinear load-deflection characteristics of a structure may
be closely approximated by employing the incremental method of solution.
With this technique the load is applied as a sequence of sufficiently
small increments so that the structure can be assumed to respond linearly
within each increment. The solution is thereby reduced to a series of
1inear steps in which the structure stiffness is recomputed at each load
increment. The updated stiffness is a function of both the deformed
geometry and state of stress at the start of an increment and is commonly
referred to as the "tangent stiffness." Displacement increments are
computed for each step and are accumulated to give the total displacement.

The corresponding increments of stress are computed from the displacement
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increments and are accumulated to give the total stress at any stage
of loading. This incremental process is repeated until the desired load

level is reached. In this manner the entire load history may be traced.

3.3 Formulation of Beam-Column Stiffness

Large displacement stiffness equations may be developed in an
incremental form by direct application of energy principles of structural
mechanics. Such equations will accurately predict nonlinear structural
behavior for small increments of load starting from a known equilibrium
position. This section deals with the formulation of the incremental
element stiffness matrix for the beam-column element which accounts for
the geometric nonlinear behavior resulting from an axial force acting on
the member.

There are essentially two different approaches to incremental non-
1inear finite element analysis [27]; the large-displacement stiffness
equations may be referenced to either a stationary or a moving coordinate
system. Consider an element in its path of deformation as shown in
Figure 3.2. C0 represents the undeformed state, Ci is the current
deformed configuration, and C1+] is the deformed state for the next
incremental step. In the first approach the incremental stiffness
relations are written in terms of the undisplaced coordinates of the
structure (Co). The second approach is based on an updated coordinate
system which describes the structure in some known, displaced equilibrium
configuration (Ci)' The nomenclature presented by Bathe, Ramm, and
Wilson [27] is adopted here in which the first approach, based on the

initial, undisplaced configuration is termed the Total Lagrangian
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formulation while the second approach, based on an updated configuration,
is termed the Updated Lagrangian formulation. Bathe and Bolourchi [30]
have shown that, for a three-dimensional beam element, the two formula-
tions yield identical element stiffness matrices and nodal point force
vectors. In addition, they conclude that the Updated Lagrangian formu-
lation is computationally more efficient.

The principle of minimum potential energy provides a variational
basis for the direct formulation of element stiffness equations (see
Reference [16]). The potential energy (II) of an element is given by
the strain energy of deformation plus the potential of the applied loads.
The principle states that of all admissible displacements, those that
satisfy the equilibrium conditions make the potential energy assume a
stationary value, or &I({q}) = 0. That is, the first variation of I
with respect to the displacements is equal to zero.

To evaluate the total potential energy of an element, an expression
for the element strain must be obtained. Consider a linear element in
which the local x-axis coincides with the centroidal axis of the member
and the local y-axis is normal to the x-axis. For the planar frame beam

element, the x-component of direct strain may be expressed as [31]
2 2
- du 1 ,3u 1 (3v
&1 T2 (ax) *3 (ax) (3.6)

in which u and v are the local x- and y-components of displacement
respectively. The in-plane bending strain, or curvature, for a slender

member, is given by [32]
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3V
2
X
2 57372 (3.7)
[+G]
X
If it is assumed that rotations are small, the quantity (av/ax)2 becomes

very small in comparison with unity and Equation 3.7 may be approximated
by
82 = 7 (3-8)

Shear strain is also neglected in the present study since, for slender
elements, shear distortions are considerably smaller than bending distor-
tions. The linear beam curvature expressed by Equation 3.8 produces a
component of direct strain in the x-direction which is linearly propor-
tional to the distance from the centroidal axis. The axial strain for

the beam element may, therefore, be written as
Ey ¥ €~ YE; (3.9)

in which y s measured normal to the centroidal axis of the beam and

d is the death of the beam. The sign convention used in Equation 3.9 is
consistent with the definition of positive bending shown in Figure 3.3.
Upon substitution of the expressions for € and €5 into the above
equation and the rearrangement of terms, the following equation is
obtained for the x-component of strain:

e =3—“-y§;—+‘§(§—§)2+‘7(§—§)2 (3.10)
The first two terms in the above expression are linear in the displace-

ment derivatives while the last two terms are nonlinear.
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The element strains may be expressed as the sum of the linear and
nonlinear components. Thus, the element strains may be written in vector

form as
{e} = {e'} + 1N} (3.11a)

in which, for the current case,

2
L u 37V
{et={=-y—7=1 (3.11b)
X 3x2
and
2
Ny _ 1 (3u 1 ,3v (3.11c)
=1z (F) *+3 G50 ? .

The superscripts L and N refer to Tinear and nonlinear terms respec-
tively. Note that, for the present case, the vector {e} contains only
Ex" The formulation presented herein uses the nonlinear strain expression
given by Equation 3.11a as a basis for the formulation of the element
stiffness equations.

Consider again a body in its path of deformation (Figure 3.2). The
body is initially in an undisplaced ({qo} = {0}) configuration repre-
sented by CO. After application of the i-th increment of load, the body
is in the known equilibrium state, Ci' A solution for the next incre-
ment, Ci+1’ is sought.

In the Updated Lagrangian formulation all quantities are referred
to the displaced equilibrium configuration, Ci' This state is, there-
fore, the reference state for this formulation. In this reference state
the body is subjected to a known set of nodal loads, {Qi} . Similarly,
all displacements {qi} and stresses {ci} are known with respect to

the reference state. It is desired to obtain a solution for the next



38

increment. At the end of this increment the vector of applied nodal

loads is given by
{Q;,q} = Q33 + {aQ} (3.12)

ijn which {aQ} 1is a finite increment of load. Similarly, the displace-

ments and stresses at the end of the next increment may be written as

{qi+1} {qi} + {Aq} (3.13)
and

{o;,q} = {05} + {40} | (3.14)

in which {Aq} 1is the vector of incremental nodal displacements and
{ac} s the vector of incremental element stresses. For the present
case the vector {o} contains only the axiai stress, 0y - Again it is
emphasized that all quantities in the above equations are expressed in
terms of the reference state.

The incremental strains measured with respect to the reference state
are {Ac}. The total potential energy of an element may be written with
respect to the reference state in terms of the incremental strains and
incremental displacements. If it is assumed that the loads are applied
only at the element nodes, the following expression for the element total

potential energy is obtained:

] ‘4 Lac I[ETCackdY +-£ Lo, Jacdv - LaqMQ;,;} (3.15)

in which {Ae} is a vector of fincremental strain components, [E] is a
matrix of material constitutive relations, {oi} is a vector of initial

stresses, {Aq} isa vector of generalized incremental nodal displacements,
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{Qi+1} is the vector of applied nodal loads, and V refers to
integration over the volume of the element. The first term in the above
expression represents the strain energy of the element as it undergoes
deformation. The second term accounts for initial element stress in the
reference state. And the third term is the potential of the applied
element nodal loads. Note that the general matrix notation for the
element stresses and strains is maintained.

The incremental strain may also be represented by the sum of linear

and nonlinear components as in Equation 3.1la giving
1 = ack N '
{ae} = {Ae™} + {ac} (3.16)

in which {AeL} is the vector of linear strain increments and {AeN}
is the vector of nonlinear stréin increments. Now, upon substitution
of the expression for the strain increments given by Equation 3.16 into
the equation for the potential energy in Equation 3.15, the following

relation is obtained:

1= %fLAeL + AENJ[E]{ASL + AeN}d\I
v (3.17)
+f Logdtast + ae'iav - Laalig;y)
v

In accordance with the principle of minimum potential energy, the first
variation of the above expression is taken with respect to the incremen-
tal displacements and the result is set equal to zero. The first term

in the above expression is found, upon taking the variation, to be non-
Tinear in the displacements. To obtain a linear set of stiffness equa-

tions, the nonlinear component of the incremental strain is neglected
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in the first integral. For small changes in geometry and, therefore,
small incremental strains, this linearization is justified. The non-
linear strain term is retained in the second integral since no lineari-
zation is required. The incremental potential energy is thus approxi-

mated as

Lack [ET{ack v + f Lo 1{aeb1av

N|—-
<

(3.18)
f Lo, Jtae"tav - [8q)10;49}

<

In the stiffness approach to finite element analysis the potential
energy expression is discretized through the introduction of displace-
ment fields expressed in terms of generalized node displacements (see
Reference [16]). For the beam element considered here, a linear dis-
placement field is assumed for the u-displacement component and a cubic
displacement field is assumed for the v-displacement component. The
displacements at any point in the element are written in terms of the

generalized node displacements as

[
n

LN, J{al (3.19)

<
n

LNyJ{q} (3.19b)

in which LNXJ and LNyJ are the displacement interpolation functions

and are given by

IN ] = |_(1 -%) 0 0 (%) 0 oJ (3.20a)
2 2 2 3
_ 3x 2x 2% X
L“yJ‘[ L A R Y
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2 2 2 3
o X B X, lz—_] (3.20b)
L L L L
and {q} 1is the vector of element node displacements
1} = Lug vy 8; u,v,8,] (3.20¢)
9 1Y1% %2Y2%2 :

in which the subscripts 1 and 2 refer to ends 1 and 2 of the beam element,
respectively. The incremental displacements may also be written in terms
of the element incremental node displacements using the displacement

interpolation functions given above. Thus

Au LNXJ{Aq} (3.21a)

Av LNyJ{Aq} (3.21b)

in which {Aq} is the vector of element incremental node displacements
{Aq}T = Lauy Avy A8y Au, Ay A62J (3.21c)

and the subscripts again refer to ends 1 and 2 of the element. The par-

tial derivatives of the incremental x- and y-displacement components are,

then
3 - 3 |N 1{aq} = [N, I{aq) (3.22a)
3AvV _ 3 - 1
5% = 3x LNyJ{Aq} = LNyJ{Aq} (3.22b)

in which the prime (') indicates differentiation with respect to the
variable x. Similarly, the second partial derivative of the incremental

y-displacement component is
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BZAV 82 l. ' )
= 2— |N_]{aq} = IN. [{aG} (3.23
8x2 ax2 M yJ

The axial strain, expressed in terms of the first and second derivatives
of the displacements, may now be expressed in terms of the interpolation
functions. The linear and nonlinear incremental strain terms are written

in matrix form as

aey = [BFJaq) (3.24a)
T
e = Haalie"1 8100 (3.24b)
in which
(81 = [Nyl - yLNy 1] (3.24c)
and
NI
[aV] = ! (3.24d)
Ln;

Upon substitution of the matrix expressions for the linear and non-
linear strain terms given by Equations 3.24a and 3.24b into the total

potential energy expression, the following equation is obtained:

T T
1= [ Laals] telrs eeatav + [ Laalrst] todan
v v (3.25)
1 N,T N
1 { L6aJ(8Y] [o, 108V Ttaqdev - LaqIMQ,,;}

in which [Gi] is a matrix containing initial stress components and for
the present case is simply cx[1]2x2. Finally, the first variation of

the above expression is taken with respect to {Aq} and the result is
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set equal to zero producing the following incremental element equilibrium

equation in matrix form:

.
sn(isay) = 0 = [ (87 [E“Ievina) + [ (81" o, v
) v

T (3.26)
of 187 10,208 avina) - @)
v
or, upon the rearrangement of terms,
T
[ | o1 rearstaar + | [BN]T[Gi][BN]dV] {80}
v v (3.27)

LT
= {04} -fv [8"] {o,}dv

The axial stress in the reference state may be written in terms of
the element axial force and bending moment. The positive sense of these
generalized force components is shown in Figure 3.3. The element stress

in the reference state may be written as

P. M.y
= 1 2
i -t (3.28a)
in which
_ P X

and P 1is the axial force in the element, A is the cross sectional

area, M]i and MZi

I is the moment of inertia of the beam section, and L is the member

are the bending moments at ends 1 and 2 respectively,

length. Upon evaluation of the integrals in Equation 3.27, the following

incremental equilibrium expression is obtained:
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(6 + [k ] eoa = €0y} - €F) (3.29)
in which '
;
(k1 = f 18" [earetlav (3.29)
v
:
[k,] - fv (8"1 o, 08" 0 (3.29¢)
{Fi}=j\-l [BL]T{oi}dV (3.29d)

The matrix [k] 1is the linear elastic stiffness matrix and, as can be
seen from Equation 3.29b, contains terms representing the 1inear portion
of the strain energy expression. [kg] is termed the “initial stress"
matrix. This matrix results from the energy contribution of the initial
stresses and nonlinear incremental strains. {Fi} is a vector of nodal
point forces equivalent in an energy sense to the element stresses at the
beginning of the increment. If the element is in equilibrium at the
start of the increment, {Fi} = {Qi} and since {Qi+1} - {Qi} = {AQ},

the incremental stiffness relation may be written as

[[k] + [kg]]{Aq} - {AQ} (3.30a)
or

[k Jaq}t = {aq} (3.30b)

in which [kt] = [[k]i—[kg]] is the tangent stiffness for the increment.
The explicit form of both [k] and [kg] is given in Appendix A for the
beam-column element.

For the Updated Lagrangian formulation, the transformation from local

to global coordinates is based on the displaced configuration. The matrix
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used to effect this transformation is, therefore, a function of the

displaced geometry. This relation may be expressed as
[r.] = [r{q;})] (3.31)

in which {qi} is the displacement vector in configuration Ci' The

transformation matrix, [Pi]’ is written as

Agd wer 0O 0 0 0
A om0 000
[(,J=t 0 o 1 0 0 O (3.32a)
0 0 -0 Xxn Myt 0
A '
0 0 0 A owe O
o o 0 o0 0 1
L -

in which A and u are the cosines of the angle between the locas axes
and the global X- and Y-axes, respectively. The direction cosines are

computed as follows:

Xpe = %o Yoo = Yqs
Ao =__2_1[_¢. poao= 2l 1 (3.32b,c)

and

2 i B (3.32d,e)

and X and Y are the spatial coordinates of the member ends of the
reference state Ci’ and L is the deformed member length. The trans-

formation to global stiffness is again expressed as

(ke Jgrobar = [F317Tked0ry] (3.33)
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in which. [kthlobal is the tangent stiffness in global coordinates,
[kt] is the tangent stiffness in local coordinates, and [Pi] is the
transformation matrix based on the geometry of the structure at the

start of the i-th step.

3.4 Incremental Solution Techniques

In the above discussion the incremental step procedure was briefly
described. Here, this method of solution is formalized and the required
equations for the application of the procedure are provided. Two methods
are presented; the simple-step procedure and the predictor-corrector
procedure. The following development is based on equilibrium equations
written for the entire structure and expressed in global coordinates

(see Equation 3.5).

3.4.1 Simple-Step Procedure

The equations representing the simple-step approach are given here.
The development follows closely that presented by Desai and Abel [15].
Let the initial loads and displacements be given by {Ro} and {ro},
respectively, in which the subscript o represents the initial or
reference state. After application of the i-th increment, the load is
given by

3

{R;} = {R)} + 321 {4R;} (3.34)

in which the A notation indicates a finite increment. Similarly, the

displacements after the i-th step are
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;

{r;} = {ro} + jZ] {Arj} (3.35)
The stiffness for the i-th increment is based on the results of the pre-
vious step. The set of simultaneous linear equations which must be

solved for each incremental step is written as

(K, _qJ{ar;d = {(aRy} (3.36a)
in which
(K1 = [K({r; 43> Ry {1)] (3.36b)

and [K1-1] is the value of the stiffness at the beginning of the incre-
ment. Equations (3.34-3.36) provide the necessary relations for applica-
tion of the simple-step procedure. A one-degree-of-freedom schematic
representation of this procedure is shown in Figure 3.4,

The accuracy of this method is dependent on the step size. The
smaller the incremental step the more accurately the nonlinear Toad-
deflection curve is traced. Since a new incremental stiffness must be
formed for each step, this improved accuracy results in additional
computational effort. A two-step or predictor-corrector method may be

employed to improve the solution accuracy.

3.4.2 Predictor-Corrector Procedure
The predictor-corrector method involves a two-step process. In the
first step (predictor) the load increment is applied and the displacement

increments are computed as above. The stiffness equation is



48

Incremental Solution

Exact Solution

i-1

i-1 i

Figure 3.4 Schematic of Simple-Step Procedure
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[K;_;1{ari} = {8R;} (3.37)

which is the same as Equation 3.33a except that the superscript *
indicates temporary values. Since each step is linear, the displacements
at half the load increment are computed by

Ar¥

= i
Similarly, the load at the midpoint of the increment 1is
ARi
A new stiffness is computed on the basis of the displacement and forces

at the midpoint of the increment:
A second step (corrector) is taken using this updated stiffness

[k, J{ar;} = {aR;) (3.41)

In effect, [Ki-&] is an approximation of the stiffness at the midpoint
of the i-th increment. Therefore, it is an improvement over the stiffness
computed at the beginning of the increment using Equation 3.36b.

The predictor-corrector procedure is shown schematically in Figure
3.5 for a one-degree-of-freedom system. This method provides a better
approximation to the true curve than simply halving the load increment
and applying the simple-step procedure. This procedure has been used by
Felippa [21] and by Porter and Powell [33] for elastic-plastic large dis-

placement analyses. Either of these two methods, the simple-step or
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R1-1 1 //////
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*
- Ar‘_i
&
*x *x
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Figure 3.5 Schematic of Predictor-Corrector Procedure
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predictor-corrector, may be selected in the analysis program described
herein. For problems in which the geometric effects are assumed to be
negligible, the simple step procedure will give acceptable resuits. In
general, the predictor-corrector method should be used for problems which

exhibit moderate to significant geometric nonlinearities.

3.5 Step-Termination Criteria

In the foregoing discussion it was assumed that the incremental
step size was specified and that the entire step could always be applied.
For the current analysis procedure, this is not always the case. Any
of several conditions may arise during the incremental step which pre-
clude the entire load increment from being applied. For example, a
step is terminated when a plastic hinge forms in a beam-column member
or when a shear panel reaches its cracking stress. These conditions
are distinguished by an abrupt change in stiffness which is accounted
for in the next incremental step. In this section the various criteria
which determine the actual size of the incremental step which may be

applied are discussed.

3.5.1 Change of Member Stiffness

It is assumed in the current analysis that all members yield or
crack suddenly instead of gradually. For each of the elements included
in the analysis program, a yield or failure criterion is defined such
that the element exhibits an abrupt change in stiffness when this
criterion is satisfied. The load-deflection curve for such behavior

exhibits marked slope discontinuities as a result of this sudden change
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of stiffness. A representative load-deflection curve depicting abrupt
changes in slope is shown in Figure 3.6. To follow the load-deflection
behavior accurately, the stiffness of the structure must reflect such
changes as result from yielding or cracking. Therefore, if the failure
criterion for any member is reached during a load step, only that
portion of the load to just cause the member to yield or crack is
applied. Thus, a load increment may be terminated as a result of a
change of member stiffness.

For each of the elements described in Chapter 4, the yield criteria
are represented by linear functions of the member forces or stresses.
At the end of each increment, all members are checked to determine if
any have yielded or cracked. If so, the step size to just cause yield-
ing or cracking is computed. This load step size determines the largest
load increment that can be applied without changing the yield or crack-
ing configuration. A method for preventing excessively small load

increments is given in Section 3.6.

3.5.2 Load Increment Constraint

If a structure exhibits significant nonlinear geometric behavior,
it may be necessary to restrict the increment of load applied during
each step to trace accurately the nonlinear load-deflection character-
jstics. The load step size may be specified for each incremental step.
The step size must, of course, be greater than zero.

A maximum load factor may also be specified. This maximum is
expressed as a fraction of the defined load. It may be greater than

1.0 but must not be less than zero. A step is terminated when this
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Figure 3.6 Load-Deflection Curve Exhibiting
Abrupt Changes in Stiffness
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maximum load factor is reached. For example, if results are desired

at 50% of the applied load, the maximum load factor would be set to 0.5.
Alternatively, a maximum load factor of 2.0 would permit the structure
under analysis to be loaded with two times the defined load. The
maximum load factor may be changed between load steps thus enabling con-
siderable control over the incremental step process.

When a structure reaches collapse, the loads are removed in the
same incremental fashion as they were applied (see Section 3.6). The
program will terminate when all of the applied load has been removed.

If more than one load case has been applied, each will be removed in

turn.

3.5.3 Maximum Displacement Constraint

Two displacement constraints may be specified: a limit on the
maximum displacement permitted during a load step, and a limit on the
maximum total displacement permitted. A step will be terminated when
either of these limits is reached. Limits may be specified for each
of the three displacement components individually. For those con-
straints which are not specified, no checks are performed. This
feature is useful in those situations where a small increment of load

causes a large corresponding increment of displacement.

3.6 Load-Step Tolerance

The program terminates a load step when any element reaches a
change of stiffness as described in Section 3.5.1. To prevent an

excessive number of small Toad steps a load step tolerance feature is
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provided. The load step tolerance is defined as a fraction of the
total load. This feature insures that all changes of stiffness which
would ordinarily occur within this tolerance, occur at the end of the
current step. Suppose, for example, that a load step tolerance of 0.02
is specified. Upon termination of a step, all elements are checked to
determine those which would meet a change of state constraint within

an additional 2% of the defined load. These elements are then assumed
to have met the change of state criteria during the current step. This
guarantees that no step smaller than 0.02 will result. Typically a
much smaller value is used for the load step tolerance. Porter and
Powell [33] report that a value of 10’5 works well and this is used as
a default value in the current program. The load step tolerance may

be redefined at any step of the analysis.

3.7 Post-Collapse Behavior

Figure 3.6 shows a characteristic load-deflection curve for a
structure loaded to collapse (limit point) and into the post-co11apée
or unstable region. The incremental procedure described above is
applicable up to the limit point. Numerical difficulties arise, how-
ever, beyond this point. The descending branch of the load-deflection
curve is characterized by a negative-definite stiffness matrix [34].
Therefore, the structure can only withstand a decreasing load. A
procedure which accounts for this situation is necessary if the entire
load history, through collapse, is to be traced.

Several procedures to follow the post-collapse behavior have been

reported. Wright and Gaylord [35] have developed a scheme for
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multistory frames with sidesway whereby fictitious springs are added to
assure that the stiffness matrix remains positive-definite. A similar
procedure is used by Sharifi and Popov [34] for the buckling analysis of
sandwich arches. Argyris [20] suggests incrementing the displacements
instead of the loads to insure a unique solution in the post-collapse
region. A third approach is that used by Porter and Powell [33] in
which the sign of the load increment is simply reversed after the
collapse load has been reached. It is this procedure which has been
adopted in the present study.

To apply this method the point at which the stiffness matrix
becomes negative-definite must be determined. This is done by detecting
the presence of a negative term on the diagonal of the reduced stiffness
matrix. For subsequent incremental steps the negative of the displace-
ment and load increments is used. The post-collapse unloading behavior
can therefore be followed. This procedure has been successfully applied

to building frame structures as will be shown in Chapter 6.



4. DESCRIPTION OF ELEMENTS

In the direct stiffness method of analysis described in Chapter 3
a structure is idealized as an assemblage of deformable elements. The
purpose of this section is to describe the theoretical development of
the various elements included in the progressive collapse analysis
computer program. Since the intent of the program is to analyze struc-
tures at or near collapse, the elements presented here must be capable
of representing accurately the behavior of the various structural com-
ponents as damage is incurred. Considerable attention is devoted to
the inelastic and nonlinear behavior of these elements. The elements
are all compatible with the direct stiffness formulation and incremen-
tal solution procedure presented in Chapter 3. In addition, the
detection of local yield or failure (change of stiffness) is consistent
among the elements so they may be used in combination. Additional
elements may, of course, be added to the current capability as required.
Several examples demonstrating the use of the elements for a variety of

problems are presented in Chapter 6.

4.1. Beam-column

By far the most common structural elements in building construction
are frame members. For steel structures, these members are generally
wide flange sections, or members built up from flat plates. This type
of member is usually connected at its ends by either bolted or welded
connections. An element used to model connection behavior is given

in Section 4.3. Frame structures can usually be expected to behave
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in a linear elastic fashion throughout the working load range. However,
damage to a portion of the structure may cause severe loading in the
frame members. If the moment capacity of a cross section is exceeded,
local yielding will occur. This may significantly affect the subse-
quent behayior of the member and should be accounted for in the analysis.
Although the behavior of frame members is often governed by bending,
the effects of axial load in column members is also significant. A
compressive axial load in a member reduces its bending stiffness;
this is the so-called "second order" or 'geometric" effect. 1In
addition, the moment capacity of a cross section is reduced in the
presence of axial force. This section describes an element which
models beam-column members for analysis.

Considerable theoretical work has been conducted on the effects
of the two sources of nonlinear structural frame behavior, namely
material and geometric nonlinearity. These effects are treated
separately by most researchers. Under certain simplifying assumptions,
however, they can be combined in a consistent manner to model realis-

tically the behavior of nonlinear, inelastic frames.

4.1.1. Background

Many investigations have been conducted on the elastic, nonlinear
behavior of beam-column members. Several alternative formulations have
been reported for taking large deflections and the effects of axial
force into account [36-40]. Approximate solution techniques have been
deye]oped to account for the elasto-plastic behavior of frame struc-

tures assuming the yielding of a cross section to be a function of
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bending moment alone [41-46]. That is, the influence of axial force

on the moment capacity of a cross section and the inelastic interaction
between the axial force and bending moment are neglected. Generally,
such investigations have assumed elastic-perfectly plastic behavior and,
therefore, have ignored strain hardening and the spread of plasticity.
Clough, Benuska, and Wilson [43] account for strain hardening in an
approximate wéy using a dual component, parallel member model.

In general, the yield condition of a member cross section is not a
function of bending moment alone but is influenced by several stress
resultants, such as axial force and bending moment. Also, the inelastic
response of a member cross section is a function of the interaction of
these stress resultants used to define the yield criteria(see Hodge [47]).
Morris and Fenves [48] have developed a general procedure for the analysis
of inelastic frames which accounts for cross sections deforming plasti-
cally under combined flexural and torsional moments and axial force. The
members are assumed to be elastic-plastic and yielding occurs at general-
jzed hinges. Each member cross section is assumed to have a shape factor
of 1.0, thus, the transition from elastic to pfastic behavioris immediate.
A similar procedure was adopted by Nigam [49] for the analysis of inelastic.
frames under dynamic loads. Here the members are assumed to yield at
generalized hinges governed by two-dimensional smooth yield surfaces. - For
each load increment the member end forces at each hinge are constrained to
move tangent to the yield surface. Again, no strain hardening is taken
into account. In both of these studies the effects of geometric non-
linearities are not included.

A general method for modifying the member stiffness matrix to

account for the formation of generalized hinges is given by Porter and
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Powell [33]. The procedure is essentially the same as that of Nigam
But is presented in concise matrix form. Two-dimensional yield surfaces
are used whereby each surface is represented by a series of linear
segments. Thus, a yield surface of almost any shape or complexity may
be specified. The procedure is also able to handle the behavior at
yield surface discontinuities. Effects of geometric nonlinearity are
also included. The procedure presented by Porter and Powell is believed
to be more direct than those previously cited and is adopted in the
present study.

Wen and Farhoomand [50] have extended the above approach by con-
sidering the finite length of yielded regions. In addition, a contin-
uous yield surface is used and an iterative procedure is employed to
insure that the force point remains on the yield surface at all times.
Works by Gupta and Hollmeier [51] and Gupta [52] use the yielding
approach presented by Hodge and by Morris and Fenves. Strain hardening
is included in both of these works and the length of yielded region is
considered in Reference [52]. Neither of these methods wpich consider
the spread of plasticity takes geometric nonlinear effects iﬁ%o account.
When the material is assumed to behave in an elastic-perfectly plastic
manner and hinges form at discrete points with no spread of plastifica-
tion, geometric and material nonlinearities may be combined in a

straightforward manner.

4,1.2. Assumptions and Limitations
Formulation of the beam-column element is based on the following

assumptions and limitations:
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The members are assumed to be straight and prismatic.
Loads may be applied only at the joints.

Transverse shear deformations are ignored.

The material is assumed to be linearly elastic-perfectly
plastic and the stress-strain characteristics are assumed
to be independent of time.

The member cross sections are assumed to have a shape
factor of 1.0.

Plastic deformations are restricted to concentrated points
at the member ends.

The member yield criterion is defined by a two-dimensional
yield surface depending only on bending moment and axial
force. The yield surface consists of straight line segments;

it is convex and encloses the origin.

Plastic flow of the material is governed by the normality
criterion.
Both elastic and plastic deformations are assumed to be small

for each incremental step.

Local failure by web or flange buckling or brittle fracture

is ignored.

Yield Surface Representation

In the analysis of frame structures it is convenient to express

the yield condition as an equation which defines the combination of

force components necessary to initiate inelastic deformation at a

member cross section. If the shape factor is assumed to be equal to
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1.0 and the material is assumed to be elastic-perfectly plastic, the
yield condition represents the relationship among the force components
at the onset of unrestricted plastic flow at that cross section. The

yield condition is often described by the function ¢ as
¢ = ¢({S}) = 1.0 (4.1)

in which {S} represents the vector of force components. The yield
condition for a planar frame member is often described by an interaction
between the member axial force, P, and bending moment, M; the shear
force is neg]ected.v A two-dimensional yield surface for a representa-
tive wide flange section bent about its strong axis is shown in Figure
4.1. The yield surface is generally continuous except where it inter-
sects the positive and negative P axis [53], and it is always
convex [54].

The derivation of yield surface equations for a cross section
subjected to a combination of several force components is generally

quite difficult. Morris and Fenves [53] describe a procedure for deriv-
ing approximate lower bound yield surface equations using a method
suggested by Hodge [47]. For the current analysis, a Tinearized approx-
jmation to the yield surface is used. The member yield criterion is
described by a two dimensional surface representing the interaction
between the member axial force and bending moment. Figure 4.2 shows a
two dimensional yield surface which is approximated by a series of
straight line segments. Each segment is defined by the linear yield
condition ¢i in which i refers to the particular segment. The yield
surface may represent either a "best fit" or lower bound approximation.

To describe the yield surface the analyst must specify the coordinates
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of the vertices of the linear approximation.

As an example, the AISC interaction formulae for members subject
to combined axial load and bending moment may be used to construct an

approximate yield surface. Equation 2.4-3 of the AISC Code [55] states

P M
P r-l—s—ﬁ—f_].o (4.23)

y p
M o< M (4.2b)

in which P represents the member axial force (compression), M the
applied moment, and Py and Mp are the axial yield load and plastic
moment capacity, respectively. Figure 4.3 shows one quadrant of the
interaction diagram resulting from the AISC formulae. The dashed 1ine
is representative of an actual interaction relation for a wide flange
section bent about its strong axis while the solid 1ine corresponds to
the approximate AISC formulae. The six-faceted member yield surface
which is constructed for a symmetrical section is shown in Figure 4.4.
The 1linear functions P (i=1,2,...,6) are formed from Equations
4.2a and 4.2b. The axial force for end 1 of the member is Fx]

(compression is positive) and the bending moment is Mz]' The first

two constraints are, then

(M 1.0y v - = 1.0 (4.3a)

:
1 P

21

% (‘1y°)Fx (035)»4 - 1.0 (4.3b)

For a symmetrical section, the remaining four constraints are constructed

in an analogous manner.
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Figure 4.4 Six-Faceted Yield Surface
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Porter and Powell [33] have proposed another method for computing
the yield surface for wide flange sections. The cross section and
recommended yield surface are shown in Figure 4.5. The coordinates of

the vertices of the faceted surface are given by the following formulae:

F, = oA (4.4&)

=
1

Q

N

(4.4b)

.75(1-2tf/h)C

Fo = Te e gme ¥ (4.4c)
.563(1-2tf/h)2C
Mg =1 - 2Tt 7B)(T-t/]C x M (4.4d)

in which b, h, tf, and gﬂ are as shown in Figure 4.5, C==th/2btf,
cy is the yield stress, A 1is the cross sectional area, and Zx is
the plastic section modulus. The surfaces resulting from these equations

are reported to be satisfactory approximations to the true yield surfaces.

4.1.4. Element Stiffness Formulation

In this section the elasto-plastic stiffness matrix which represents
the tangent stiffness of a yielding member is presented. The element was
formulated by Porter and Powell [33] and the reader is referred to their
work for a complete derivation. The effects of geometric nonlinearities
are temporarily ignored and will be considered subsequently. The stiff-
ness matrix is formed in local (deformed) coordinates. It is later
transformed to the global coordinate system (refer to Section 3.3). A
beam element in local coordinates is shown in Figure 4.6. The six

degrees of freedom for the member are
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Figure 4.6 Beam-Column Element Degrees of Freedom
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{u}T = Lu1 vy 8y Uy Yy 8, (4.5)

and are shown in Figure 4.6 for a deflected member. The corresponding

force components are shown in Figure 4.7 and are
T

Increments of displacement and force are {Au} and {AS}, respectively.
The joint displacements are composed of elastic and plastic components.

That is,
{u} = {u} + {up} (4.7)

in which {ue} is the vector of elastic displacement components and
{up} is the vector of plastic displacement components. The plastic
deformations are computed in a straightforward manner as will be
described later. Plastic hinges are located only at the member ends and
all plastic deformations are concentrated at these hinges. The portion
of the member between the hinges remains elastic.

For the current development, the plastic flow rule follows that
defined by Drucker's normality criterion [54] and, as such, the plastic
deformation increments are assumed to be normal to the yield surface.
The outwardly directed normal to facet i of the yield surface is
computed by taking the partial derivative of 9; with respect to each

of the member end forces, or

30;

0, 3 {52) (4.8)

in which ¢i is the linear expression for tfacet i, and ,S repre-

sents differentiaion with respect to S. For example, the vectors
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defined by Equation 4.8 for the AISC interaction relation are computed

from Equations 4.3a and 4,3b which yield

0 | %1
0 0
- -.85
2 S P A o b =M, ¢ (4.92,b)
0 0
0 0
0 o

The vector {¢1 S}’ which represents the components of the outward
normal, is used in constructing the stiffness of a yielding member.
The tangent stiffness matrix developed by Porter and Powell for an

elasto-plastic member excluding geometric nonlinear effects is given by
T -7
[R,] = [k] - [kl o1 [Io Tk, I00 1] [o (1'DkD (4.10)

in which [Et] is the tangent stiffness of the elasto-plastic but
geometrically Tinear member, [ke] is the linear elastic stiffness
matrix for a planar frame member, and [¢,S] is a matrix having a
column for each of the segments on which a force point lies, where each
column is {¢,S} given by Equation 4.8. Note that the order in which
the columns in matrix [¢,S] are arranged makes no difference. The
second term on the right hand side of Equation 4.10 may be interpreted
as the required correction to the elastic stiffness which constrains
the force increments to be tangent to the yield surface. When this

stiffness is used, force points which lie on the yield surface are
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automatically constrained to remain on the yield surface. If there
is no yielding, the matrix [¢,SJ has zero columns, and [ﬁt] is
simply [ke]’

As noted earlier, the plastic deformation components may be

computed at each incremental step. The increments of plastic deforma-

tion are
{Aup} = [¢,S]{X} (4.11)

The vector {XA}, which contains the plastic deformation magnitudes
for all member ends whose force points 1ie on the yield surface, is

computed as follows:
~ -1 T
{A} = [[‘b,s][ke]h,sl] [6 g1 [kel{au} (4.12)

The matrix which multiplies the incremental displacement vector in
the above expression is the plastic deformation transformation matrix.
This matrix is formed at the same time that the element stiffness
matrix is formed.

Geometric nonlinear effects are accounted for by adding the .
initial stress matrix to the elastic stiffness matrix as described in

Chapter 3. The resulting tangent stiffness matrix is
[kt] = [ke] + [kg] (4.13)

in which [ke] is the elastic stiffness matrix based on the member
geometry at the beginning of the load step and [kg] is the geometric
stiffness which depends on both the member axial load and the geometry

at the start of the incremental step. The explicit form of both



72

[ke] and [kg] is given in Appendix A. When geometric nonlinearities
are included in the analysis, the elastic stiffness matrix in Equations
4.10 and 4.12 is replaced by the tangent stiffness matrix [kt] from
Equation 4.13. Thus, in the case of combined geometric and material non-
Tinearity, the tangent stiffness matrix for an elasto-plastic member and

the plastic deformation vector are, respectively
T -1 T
(R,] = k] - [k,0o g1 [0 1 Tkdle g1] [0 T [k(] (4.14)
and

- T -1
(it = [1o §7 Tk dlo g] [o gIlk,Jow) (4.15)

4.1.5. Loading Between Member Ends

For the element described here, no consideration has been given to
loading between nodal points. In general, a beam element is subjected
to both concentrated and distributed loads. The formulation presented
herein can be extended to include intermediate loads by dividing the
beam into a series of segments. The distributed load is then replaced
by equivalent concentrated loads applied to the intermediate nodes.,

This procedure is used in several of the examples given in Chapter 6.

4.1.6, Strain Hardening

The effects of strain hardening may be accounted for {n an approxi-
mate way by assuming a dual component, parallel element model (Figure
4.8). One component behaves elasto-plastically while the other

remains elastic. This technique was introduced by Clough, Benuska,
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and Wilson [43] and has been used successfully by Anderson abd Bertero
[56], Porter and Powell [33], and El-Hafez and Powell [57]. Mahin and
Bertero [58] note that, for the cases studied, analytical results are
similar for dual component models and for single component models with
bilinear moment-rotation relations, even though the models are not
theoretically equivalent unless the rate of strain hardening is zero.
In the current analysis the value of the strain hardening modulus,
Esh’ as well as the elastic modulus, E, must be specified. The
_yield criteria are scaled by the ratio of (E'Esh)/E‘ If a value of
zero is specified for the strain hardening modulus the default value

of 1x1078

E is used in the program. A non-zero strain hardening
stiffness prevents the possibility of a joint instability. Such a con-
dition would ordinarily arise when all members framing into a joint

form plastic hinges at that joint.

4.1.7. Axial Plastic Load Limit

Under extreme loads resulting from partial collapse, frame ele-
ments may reach their full axial plastic load as described by point A
in Figure 4.1. Since the same yield criterion is used for both ends
of an element in the current analysis program, two generalized hinges
will form. Unlike the case where the moment is non-zero, the case of
yielding under pure axial load presents a computation difficulty.
Consider a member which is part of a larger structure and which has
just reached its tensile yield load (see Figure 4.9). If the load is
monotonically increased, plastic deformations will occur during the

next load increment. These plastic deformations may occur at either
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end of the member while the portion between the yielding sections
remains elastic. Three alternatives are shown in Figure 4.10;
(a) all plastic deformations occur at end 1, (b) all plastic defor-
mations occur at end 2, and (c) some plastic deformations occur at each
end with the total deformation being equal to that in cases (a) and
(b). Thus, an indeterminate condition exists since there is an infinite
number of plastic deformation states which will satisfy the nodal dis-
placements. With the exception of Harung and Millar [59], previous
researchers have failed to account for this particular condition. In
Harung and Millar's analysis an element which has reached its axial
yield load is removed from the structure. However, no mention is made
of the possibility of unloading and the resulting return to elastic
behavior.

To accommodate this axial yield condition, a modification in the
procedure presented by Porter and Powell is required. When a member
has reached its axial plastic load limit, two generalized hinges form

and the matrix

[oko] = [ 1"k Lo ] (4.16)

becomes singular. When this singularity is detected in the current
program, one of the hinges is eliminated. A1l plastic deformations are
thus forced to occur at one end of the yielding member. This feature is

illustrated in the overloaded beam problem presented in Chapter 6.

4.1.8. Stability of Beam-Columns

The development presented above permits plastification only at the

ends of the beam-column element. For certain structures where inelastic
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stability is important, the formation of plastic hinges at any point
along a beam-column must he considered. It is necessary, in this case,
to divide these members into a series of smaller segments as was done
for the case of intermediate loads. An example using this procedure
for the analysis of a member subjected to cyclic axial loading is given

in Reference [60].

4.2 Shear Infill Panel

The effect of shear infill panels on the lateral stiffness of frame
building structures has long been recognized. For normal working loads
the infill panels are typically under very low stress. In the event
of abnormal loading and subsequent localized failure, however, the
infill panels may significantly affect the response of the building and
may, in fact, contribute substantial strength, For this reason it is
very important that they be considered in analysis for damage and

collapse.

4,2.1. Background

Infills are often of concrete or masonry construction. It is
assumed here that masonry may be described using the same physical model
as that used for plain concrete. The analytical procedures which
attempt to determine the stress and deformation states in such members
are, indeed, very complex. Several factors which contribute to the
compiexity are: (1) the nonlinear load-deformation response, (2) the
effect of progressive cracking of concrete, (3) the difficulty in

formulating failure criteria for the various stress states, and (4)
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the effect of reinforcement, The element considered here and imple-
mented in the analysis program is limited to the case of unreinforced
concrete.

Recently, a considerable amount of research has been conducted
in the application of the finite element method to the study of plain
and reinforced concrete structures (see References [61-71]). Great
advances have been made and, while no single approach has obtained
universal approval, very promising results have been obtained by a
number of researchers. The following sections are devoted to a dis-
cussion of several aspects of the analysis of shear walls by the finite
element method and the selection of a scheme for inclusion in the

progressive collapse analysis program.

4.2.2. Assumptions and Limitations
Formulation of the shear infill element described here is based on
the following assumptions and limitations:
(1) The elements are represented by four noded quadrilaterals,
) The elements are planar with only in-plane loads.
(3) Loads may be applied only at the joints,
) The material is assumed to have shear stiffness only.
) Shear cracking is defined by a one-dimensional failure
criterion represented by the shear cracking stress,
(6) Post-cracking shear stiffness may be specified,
(7) The shear stress is computed at the element centroid.

(8) Geometric nonlinear effects are ignored.
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4.2.3. Behayior of Cancrete

As seen in Figure 4.11 the uniaxial stress-strain relation for
concrete is nonlinear. For the purpose of analysis, concrete is cften
assumed to be elastic-plastic in compression and elastic-brittie in
tension. This assumed relationship is also shown in Figure 4.11. 1In
the presence of biaxial stress the behavior of concrete is somewhat
more complex. In such a case, it is well known that the effective
stiffness of concrete is increased due to the presence of normal com-
pressive stresses. The primary cause of this stiffening effect is the
confinement of microcracking. Liu, Nilson, and Slate [82] have pro-
posed a stress-strain relation for the hiaxial stress condition which
accounts for microcrack confinement as well as the Poisson effect. In
addition, they have stated the biaxial relations in the form of matrix
constitutive relationships which are well-suited to plane stress finite
element analysis.

The failure envelope for plain concrete in a biaxial stress state
is shown in Figure 4.12. This curve was proposed by Kupfer, Hilsdorf,
and Rusch [73] based on a number of tests. The effect of a normal com-
pressive stress on the ultimate compressive strength of concrete is
readily apparent. An increase of twenty to thirty percent of the
uniaxial compressive strength may be realized depending on the ratio of
principal stresses.

In the current investigation it is assumed that a piecewise
linear failure criterion can be used to represent the actual biaxial
failure condition adequately. Each segment of the linearized failure

envelape is represented by an expression of the form
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¢; = ¢;({o}) = 1.0 (4.17)

in which {o} 1{s the vector of principal stresses. The function
¢i has a value of 1.0 on the failure surface and is less than 1.0
within it. The failure surface must be convex and enclose the origin.

Based on experimental results, Liu, et al. have proposed the
empirical failure envelope for concrete under biaxial compression
shown in Figure 4.13. It is often assumed that in biaxial tension the
failure criterion is a constant equal to the uniaxial concrete tensile
strength. In the tension-compression zone the straight 1ine shown 1in
Figure 4.13 is consistent with test results. A biaxial failure criter-
jon such as this is readily accommodated by the analysis method used
in this study.

The nonlinear response of concrete is caused by two major effects,
cracking of the concrete in tension and yielding in compression. In
the following sections only these two effects are considered. Several
other nonlinear effects are assumed to be of lesser importance and are
not included. Among these are various time-dependent effects such as
creep, temperature, and shrinkage.

Two basic schemes have been reported in the literature for repre-
senting the cracking behavior of concrete. Ngo and Scordelis [68] used
an approach whereby cracking is accounted for by the separation of
nodes. This same procedure was also employed by Nilson [69] in a
paper which extended the work by Ngo and Scordelis. This procedure
has two major drawbacks. First, as cracking progresses the topology

of the problem is continually being altered, thus making an automated
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approach difficult, Second, the crack pattern is prejudiced in that
cracks may form only along element boundaries. This second problem may
be alleviated when the general pattern of cracking is known beforehand
or when a very fine element mesh is used in critical cracking zones. A
second approach is that adopted by Franklin [63] and several others
whereby the cracking {s taken into account by modifying the material
constitutive matrix involved in formulating the element stiffness
matrix. In this approach the cracking is distributed over an entire
element or, if a numerical integration approach is used in the element
formulation, over a portion of the element. While both procedures
appear to produce satisfactory results, the distributed cracking
method is computationally more attractive. This procedure is used in
the current investigation and is explained in more detail below.
Concrete is assumed to yield in biaxial compression consistent
with the failure criteria defined above. When yielding does occur,
the concrete is assumed to behave in a purely plastic fashion.
Krishnamoorthy and Panneerselvam [65] note that the assumption of
unconstrained plastic flow is reasonable for the analysis of reinforced
concrete framed structures since the nonlinear effects due to the
cracking of concrete and yielding of the reinforcing steel dominate

the behavior.

4.2.4, Material Constitutive Relations
The behavior of concrete may be characterized by three different
modes; elastic, cracked, or plastic. In an incremental solution

procedure the material stiffness matrix reflects the current element
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behavior and, in a sense, represents the secant modulus for the
incremental step. The material constitutive relations are described
below for elastic, cracked, and plastic behavior of plain concrete,
Concrete is assumed to behave as an isotropic material prior to
cracking or yielding. The matéria] constitutive relationships take the

form (see Reference [16])

-1 v Q i
EC
[E]l=—F% (v 1 @ (4.18)
T-v 0 o 1w
i 2

in which EC is the modulus of elasticity of the concrete and v is
Poisson's ratio. For the isotropic case the shear modulus, G, may be
written in terms of the elastic modulus of the concrete G:=Ec/2(1+v)

as above,

When one of the principal stresses becomes equal to the tensile
strength of the concrete, cracking will occur in a direction normal to
the direction of maximum tensile stress. An element with a crack
oriented at an angle of o measured from the x-direction is shown in
Figure 4.14. It is assumed that no stress can be carried in a direction
normal to the crack. Thus, a state of orthotropy exists where the
stiffness in the direction normal to the crack is zero. For a local
axis shown in Figure 4.14, the values of E] and Vq in the general
orthotropic constitutive relationship are set to zero.

For this case of extreme anisotropy, the value of the shear modulus
is difficult to evaluate. Franklin [63] approached this problem by

computing an expression for the shearing modulus in the cracked element
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for an apparent state of isotropy obtained by a local axis rotation

through 45°, He thus obtained

@ - E, (1 -v,) + E,(1 -v;)
4(]"\)1\)2)

(4.19)

which reduces to the usual expression for the isotropic shear modulus
when E] is equal to E2 and 2 is equal to Vo . For cracking in
one direction E1 and v, are taken to be zero and an estimate for

the cracked element shear modulus is given by

= =

For a value of v = 0.20 the cracked shear modulus may be expressed

in terms of the isotropic shear modulus as

G, = 0.60G (4.21)

While tests show that this value is fairly accurate, its derivation
neglects several contributions to the shear stiffness of a cracked
element such as aggregate interlock, Thus it appears advantageous

to use the more general expression

Gcr = BG (4.22)

in which g 1is the shear transfer factor and G 1is the isotropic
shear modulus. Suidan and Schnobrich [71] note that the retention of
some shear stiffness is necessary but that results are not particularly
sensitive to the proportion, 8. In their analysis, Suidan and

Schnohrich use a value of B = 0.5.
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The general constitutive relationship for an element which has
cracked due to an excessive tensile stress in the principal stress

direction 1 is

o o 0
' _ EC
[E.d=1 O =7 0 (4.23)
a 0 BG

in which the prime (') denotes reference to the principal stress

coordinate axes. If both principal stresses exceed the tensile strength

the concrete will crack in both principal stress directions. The matrix
] -

[Ecr] is then

0 a a
[1=]0 o 0 . (4.24)
a a 86

As noted earlier, the concrete in biaxial compression is assumed
to behave in an elastic-perfectly plastic fashion. The constitutive
matrix which governs the material behavior on the yield surface is the
elasto-plastic matrix [Eep]. For a piecewise linear representation
of the failure envelope as shown in Figure 4.13, the expression for
segment i is given by Equation 4.17. Alternatively, this expression

can be written in matrix form as

¢; = L¢i,cj{a} = 1.0 (4.25)
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in which ,0 denotes differentiation with respect to each of the
principal stresses. Let [¢’U] be a matrix having a column for each
of the linear segments comprising the failure envelope on which a stress
point lies; that is, each column is {¢i,c}' Then the elasto-plastic

material constitutive matrix may be written as follows:

T ST
[Eepd = [€1 - (€100 1 [ 0o I'CET00 1] Lo 1 [ED (4.26)

in which [E] 1is the isotropic material stiffness matrix. The develop-
ment of Equation 4.26 is given in Appendix B.

As was noted earlier, geometric nonlinear effects are neglected for
the shear infill panel. This assumption is justified since, in general,

deformations of an infilled frame are small.

4.2.5. Element Stiffness Formulation

Finite elements with a variety of assumed displacement functions
may be found in the literature for the two dimensional plane stress
problem. Several of the elements applied to the analysis of plain or
reinforced concrete structures are noted here. A triangular element
using a linear displacement representation (CST) was used by both
Cervenka [62] and Moss [67]. Kanaan and Powell [64] used an isopara-
metric four node quadrilateral (Q4) for a shear infill paneil. A
quadrilateral plane stress element constructed from two linear strain
triangles was used by Franklin [63]. In this case a linear displacement
variation was imposed on the element sides and the internal degree of
freedom was eliminated by static condensation. McLeod [66] has pro-

posed a rectangular element with rotational degrees of freedom at the
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four corner nodes for shear wall analysis. The purpose of such an
element is to assure compatibility of the plane stress elements with

1ine elements in bending. An incompatible linear strain quadrilateral
was reported by Krishnamoorthy and Panneerselvam [65] for problems
involving significant bending. The jsoparametric four node quadrilat-
eral element has been selected for the current investigation. The
element has eight displacement degrees of freedom as shown in Figure 4.15.
The development of such an element using a bilinear displacement repre-
sentation is detailed in Reference [16].

For the current study, a simplified version of the bilinear iso-
parametric quadrilateral element is used. This version has resistance
to shear only. That is, only the shear modulus term in the material
constitutive matrix (Equation 4.18) is nonzero. Because the element is
in a state of pure shear the principal stress components are always
equal in magnitude and opposite in sign. Therefore, failure in all
cases is by tension cracking in the tension-compression region of the
failure envelope (see Figure 4.16). The shear modulus prior to cracking
is given by G and after cracking by BG. Instead of defining a
failure envelope, however, only the value of the shear stress at which
cracking occurs need be specified. As a reasonable approximation, the
uniaxial tensile strength of concrete may be used.

The element stiffness matrix is formed using the following relation:

[K] = f (017 [EI[DIdV (4.27)
v

in which [K] is the global element stiffness matrix, [D] ids the

strain-displacement matrix, [E] is the material constitutive matrix,
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and V refers to integration over the volume of the element. A
detailed discussion of the form of the strain-displacement matrix in
isoparametric form is given in Reference [16]. For the present case
the material constitutive matrix is simply equal to G or BG
depending on whether the element is uncracked or cracked. The integra-
tion in Equation 4.27 is performed numerically using a two-by-two
Gaussian scheme (see Reference [15]). The strain-displacement matrix
is evaluated at the element centroid. It should be noted that for the
isoparametric formulation the stiffness matrix is obtained with

respect to the global coordinate system,

4.3. Semi-Rigid Connection

when modeling frame structures, it is usually assumed that
connections are either perfectly rigid or perfectly pinned. Such is
not the case inreal building frames. A connection designed for rigid
behavior will have some flexibility; similarly, a pinned or simple
connection will have a degree of rigidity. The semi-rigid connection
element provides a means to represent more accurately the physical

behavior of beam-to-column connections encountered in frame construction.

4.3.1. Background

Under extreme loads frame connections tend to behave in a non-
linear and inelastic fashion. Figure 4.17 shows a representative
nonlinear moment-rotation relation for a typical frame connection.
Since a connection may yield at a load substantially below the limit

of adjacent members, the full capacity of the frame members may not
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Figure 4.17 Nonlinear Moment-Rotation Relation
for Typical Frame Connection
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be realized. In general, nonlinear and inelastic behavior of frame
connections greatly affects the overall behavior of a structure. It is
important that this type of behavior be modeled accurately when evalu-
ating a framed building for its resistance to progressive collapse.

The behavior of most connections in the nonlinear range is complex.
Reference [74] contains a detailed discussion of steel frame connection
behavior. A representative moment-rotation curve for a particular
connection is usually obtained by experimental tests. Popov and
Pinkney [75] have conducted tests of numerous connection specimens and
have concluded that the Ramberg-Osgood relation (see Reference [76])
provides a satisfactory mathematical model of the moment-rotation
curve for the case of monotonic loading. Krishnamurthy and Panneer-
selvam [77] have developed finite element models for determining the
moment-rotation characteristics of bolted steel connections, These
moment-rotation relations for a connection are incorporated into the
matrix stiffness method of analysis. Several researchers [33, 64, 78]
have employed this discrete element approach in the analysis of struc-
tures including the effects of semi-rigid connections. A thorough
discussion of nonlinear, inelastic building frame connections can be

found in Reference [60].

4.3.2. Assumptions and Limitations

Formulation of the semi-rigid connection element is based on the
following assumptions and Timitations:

(1) The element is defined by two rotational degrees of freedom

and has zero length.
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(2) Only in-plane loads are permitted.

(3) The moment-rotation relation is assumed to be given by either
a linear segmented representation or the Ramberg-Osgood
relation.

(4) Elastic unloading is permitted.

(5) Geometric nonlinear effects are ignored,

4.3.3, Element Stiffness Formulation

The semi-rigid connection element was developed and implemented
in the current analysis program by Mutryn [60]. The connection element
has two rotational degrees of freedom which allow for a relative
rotation between connected members. The element has zero length and
the translational degrees of freedom at the connection nodes are
coupled. Figure 4.18 shows the semi-rigid element and its associated
displacement degrees of freedom. Two analytical models are available
to represent the moment-rotation characteristics of a connection; a
piecewise linear representation and the Ramberg-Osgood relation. They
will be discussed in the following two sections.

The stiffness matrix for a connection model is derived as follows.
The relative rotation between the connection nodes is related to the

rotational degrees of freedom by
{de]}

in which dere] is the increment of relative rotation, and d@1 and

d@2 are the increments of rotational displacement at nodes 1 and 2,
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respectively. The tangent stiffness, kt’ is the slope of the moment-

rotation curve for the connection and is written as
- (4.29)

in which dM is the increment in moment and do is the increment in
relative rotation. The moment at each node of the connection element
is equal but opposite in sign. Equations 4.28 and 4.29 are combined to

write the element stiffness relation as follows:

= kt (4.30)
sz -1 1 d@2

and the global stiffness matrix for the connection element is, simply,
1 -1
[Kt] = kt (4.31)
-1 1
The determination of the rotational stiffness coefficient, kt’ for

both the linear segmented model and Ramberg-0sgood model, 1is discussed

next.

4.3.4. Linear Segmented Representation

The continuous moment-rotation relation can be approximated by a
series of straight line segments. In such a representation, the tangent
stiffness changes at discrete points. Figure 4.19 shows a typical
multi-segmented approximation to a continuous moment-rotation relation.
This type of representation fits well into the analysis procedure pre-
viously described since the mechanism exists for detecting stiffness

changes and modifying the load increment accordingly.
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Figure 4.19 Linear Segmented Representation
of Moment-Rotation Curve
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The three segment model shown in Figure 4.20 is used here to
illustrate the response of this representation. Sequential yielding
is defined by the intersection of the current loading path and the
next parallel dashed line as shown in the figure. Elastic unioading
occurs along the path defined by the initial stiffness, In this way
the Baushinger effect is accounted for.

A linear elastic connection or elastic rotational spring can be
modeled with this procedure by defining a single segment moment-rotation
relation. Elastic-perfectly plastic behavior can be represented with a
bilinear model where the second segment has a stiffness of zero. Simi-
Jarly, a perfect hinge can be described by specifying a value of zero
for the initial stiffness. In this way a pin-ended beam or column

may be modeled.

4.3.5. Ramberg-0sgood Representation
A continuous moment-rotation curve can be described by the
Ramberg-0sgood relation [76]. This function is generally written in

the following form:

r
9_9 - MM— " k(Ml) (4.32)
Y Y y

in which © 1is the rotation, M {is the moment, @y and My are the
yield values of rotation and moment respectively, and k and r are
constants. Figure 4.21 shows a typical curve defined by Equation 4.32.
A procedure for determining the values of r and k for a given
moment-rotation curve is outlined in Reference [76]. Based on an

analysis of test results, Popov and Pinkney [75] suggest values of
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Figure 4.20 Three Segment Moment-Rotation Curve
with Bounding Lines

99



100

M/M

Ee g
Y y y

Ramberg-0sgood Curve

Figure 4.21 Typical Ramberg-Osgood Curve



101

k =0.5 and r =8 for connections free of slip. To accommodate
negative moment and rotation, Equation 4.32 may be written in the
following form:
r-1
2 - MM—(uklMﬂl ) (4.33)
y y y
Equation 4.33 may be generalized to account for unloading by the
following expression:

0-0. M-M.

_1 2 1 <] + k

2 2M
@y Y

M-Mi
W l ) (4.34)

in which @i and Mi define the point at wnich the direction of the
load was last reversed. Figure 4.22 shows the Ramberg-0Osgood curve
for loading and unloading as expressed by Equations 4.33 and 4.34,

Since there is no distinct change in stiffness with the Ramberg-
Osgood model, the incremental analysis is performed by 1imiting the
allowable load step. For a given relative rotation, the corresponding
value of moment is determined from either Equation 4.33 or 4.34 by an
jterative process. Once the moment is known, a value of the tangent
stiffness may be obtained for the loading curve by differentiating
Equation 4.33 with respect to M giving

k, = b
ey<] +kr‘ﬁ_ |
y

A similar expression for kt is obtained for the unloading curve by

differentiating Equation 4.34
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M
- Y
ki (4.36)

Mm, |7
1
0 y(1 +k, | )

For the predictor-corrector method, Mutryn averages the values of the

tangent stiffness obtained at the beginning and end of a step. This
procedure is computationally efficient and has been found to give good

results.



5. PROGRESSIVE COLLAPSE ANALYSIS SYSTEM

The computer system described in this chapter is specifically
designed for the analysis of building structures subjected to abnormal
loads. It can be employed in any of several ways to implement the
various progressive collapse design strategies described in Chapter 2.
The distinguishing feature of the present capability is that it permits
selective removal of one or more load carrying members during the
course of analysis. This feature is discussed in Section 5.2.3.

A progressive collapse analysis may be conducted in accordance
with the following procedure. First, the structure is subjected to the
Toads which may reasonably be expected to occur during normal service;
for example, the full dead load of the structure plus some fraction of
the 1ive load and wind load (see Section2.5). Typically, small
deflections result and, for a properly designed building, the member
forces and stresses can be expected to be well below their specified
limits. Next, based on the location and magnitude of a postulated
abnormal load, one or more structural members are removed. The reverse
of the forces acting on the damaged members prior to removal, or
"reverse forces," are then appiied to the remaining structure. If the
structure is able to withstand the application of these forces, it can
be concluded that it has the capacity to redistribute the loads previously
carried by the removed members. In this case the structure does not
collapse. If, on the other hand, the remaining structure is not able to
carry the reverse forces, collapse is indicated. In either case, the

extent of further damage to the structure may be assessed from the

analysis results.

104



105

Considerable time and effort is spent in generating the data for
nonlinear analysis and in obtaining and interpreting results. Gallagher
[79] notes that estimates of current costs of input/output data prepa-
ration range from 60 to 85% of the total analysis cost. The use of
interactive computer graphics significantly alleviates the problems
associated with input data generation and output result interpretation.
Although typically viewed as separate from analysis, computer graphics
can have a direct role in engineering research [80]. The progressive
collapse analysis system described herein makes extensive use of the
latest graphic display devices and interactive techniques. The ability
to interact with the computer provides the user with the means to define
a structure quickly, perform an analysis, modify the structure for
member removal, and display the analysis results. The ease and speed
with which this process can be performed makes such a system particu-
larly attractive for the evaluation of alternative member removal schemes.

The system just described can, of course, be applied to ordinary
nonlinear analysis and design problems (see, for example, References
[81 and 82]). The speed with which design changes can be implemented
and subsequent analyses performed makes such a system extremely valuable
as a design tool. In addition, the ability to review rapidly the results
of an analysis using interactive computer graphics provides a ready means
for the analyst to assess the response of any complex structure.

The intent of this chapter is to describe the computer programs
developed for the interactive analysis of building structures for pro-
gressive collapse. A definition of interactive computer graphics, as it

relates to the immediate problem of adaptive structural analysis, is
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first provided. Next, the independent program modules which constitute
the progressive collapse analysis system are briefly described. Photo-
graphs of either black and white or color displays are used to illustrate
the type of feedback and interaction provided by this system. Finally,
the data base and the associated data flow between the independent pro-
gram modules is described. Several examples which demonstrate the
versatility of this system for a variety of problems are given in the

next chapter.

5.1. Interactive Computer Graphics

A computer graphics system may be defined as one in which alpha-
numeric, numerical, and pictorial input, output, and process stages can
be displayed on black and white or color graphic devices [83]. Control
is exercised by the operator through a keyboard terminal or directly
through a device such as a digitizing tablet. Movement of a stylus on
this tablet is duplicated by a small cross, or "eursor", displayed on
the screen. This provides the capability of identifying a particular
area of the screen or feature of the display by simply "pointing" to it.
Through the manual operation of the digitizing tablet, figures may be
drawn, commands issued, and the flow of a program controlled. A
detailed description of the Cornell computer graphics facility is given
in Reference [84].

There are two major distinguishing features of an interactive
graphics process. First, the response to the user is immediate; that is,
any change in the display, such as the deletion of a member, is realized

immediately. Second, the means of communication is graphical in the
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sense that the user initiates actions by indicating a portion of the
graphic display rather than by employing digital means such as keyed-in
numbers or commands. These two features allow the analyst to exercise

intimate control over the computer processes and graphical displays.

5.2 System Description

The system described in this chapter ijs a collection of program
modules designed to facilitate the analysis of building structures to
determine their resistance to progressive collapse. The analysis process
may be divided into four functional areas: problem description, analysis
control, member removal, and result interpretation. Each of these four
functional areas is discussed in the following sections. Extensive use
of interactive computer graphics is made in all phases of the analysis
process.

The independent modules making up the progressive collapse analysis
system are linked through an executive program. The “"menu" which displays
the available program options is shown in Figure 5.1. Here control over
the analysis process is exercised by simply pointing to the next oper-
ation tb bé performed. For example, the program for defining a new
structure may be initiated by pointing to the appropriate option. When
the input data has been completely specified, control is returned to the
executive program and the executive menu is again displayed. In this
way the analyst may control the execution sequence of the programs
which comprise the system.

Data is transferred between the various independent program modules

by means of disk files. The input data generation program, for example,



108

PROGRESSIVE COLLAPSE
ANALYSIS SYSTEM

DEF INE NEW STRUCTURE

EDIT EXISTING STRUCTURE
REMOVE MEMBERS

ANALYZE

DISPLAY - BLACK AND WHITE
DISPLAY - COLOR

OUTPUT RESULTS

TYPE MESSAGES

RETRIEVE STORED DATA

END PROGRAM

ooo0oo0O0ooxgOO0O0O0

Figure 5.1 Executive Control Menu Display

e am i

a2 4e 8 ReRaRanesana

iznnoy

2R2NeY

[ e fJren o e doow o[masse] ren [ Tine | sve |

Figure 5.2 Structure Definition Editor



109

creates several files which contain all necessary data for a complete
nonlinear analysis. The analysis program then reads these files and
creates, in turn, several files containing the analysis results. Since
all relevant data is written to file at each stage, the sequence may be
interrupted at any time and restarted later. A more complete description

of the data base organization is presented in Section 5.3.

5.2.1 Problem Definition

The preprocessing program is a rather conventional one which allows
for both the definition and modification of the structure's geometry and
attributes. Topologies can be generated by defining either a nodal grid
or a member grid. Individual nodes can be defined by specifying their
coordinates. Members can be added or deleted and material properties
can be defined.

Additional capabilities allow for input of the different element
types: beam-column, semi-rigid connection, and shear infill panel.
Once an element type is specified, the user need only point to the nodes
defining the location of the element. The element is then added to the
description of the structure. Figure 5.2 shows a structure in the
process of being described. In this figure the beam and column members
are shown and the nodal numbering system generated by the program is
displayed.

Element properties are also input using the graphics devices. If
material nonlinearities are considered, element behavior beyond the
elastic range must be defined. When this behavior is input, the program

graphically displays the relevant information, whether it be a member
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yield surface or a characteristic force-displacement diagram. The
display of the beam-column element property editor is shown in Figure
5.3. Element properties, including the coordinates of the vertices of
the yield surface are entered using the display keyboard. The yield
surface is displayed thus providing the analyst with visual feedback on
the correctness of the data entered. Figure 5.4 shows the property
editor page for the semi-rigid connection. In this example the Ramberg-
Osgood representation is specified and the curve corresponding to the
parameters entered is displayed. The element properties are assigned
by simply pointing to the appropriate members.

Nodal fixity is specified by selecting an active fixity type from
a list of possible fixity conditions and assigning it to the appropriate
nodes. The input/editing capabilities also allow for the specification
of either independent Toad cases or cyclic loads. A cyclic load descrip-

tion can be modified interactively to accommodate any desired loading.

5.2.2 Analysis Control

The interactive analysis capab?]ities give the analyst intermediate
control over the incremental solution procedure. At the end of each
load step, a synopsis of the analysis results, including the amount of
Joad applied and any detected change in member behavior, is reported.
The analyst is able to use this information, together with more detailed
analysis results available from the interactive post-processing programs,
to assess the condition of the structure. Based on thié updated infor-
mation regarding the structure response, the user may choose to alter

one or more of the analysis parameters.
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The parameters which are under user control at any stage of the
incremental analysis procedure are displayed on the menu shown in
Figure 5.5. Values are specified by the analyst using the display key-
board shown at the bottom of the screen. Only those parameters which
are to be changed must be entered. For example, the analyst may wish
to alter the step size, the displacement constraints, or the load step
tolerance. Large displacement effects and material nonlinearity may
be included by specifying the appropriate value for the solution para-
meter. Or, another load case may be applied without having fully
applied the current load case. This capability has been used in conjunc-
tion with displacement constraints to reproduce test data for structures

subjected to cyclic loads in strain-controlled experiments.

5.2.3 Member Removal

The member removai capabilities provide a means for investigating
the susceptibility of structures to a progressive collapse type of
failure. After the structure has been analyzed for imposed loads, for
example, dead load and a portion of the service live Toad, the user may
selectively remove one or more members from the structure to simulate
the loss, through accident, of the load carrying capacity of the member.
Removal is accomplished by pointing to the members to be eliminated.
Figure 5.6.shows a display of a frame structure with an exterior column
removed. The data defining the structure and the nodal force vector
are modified to reflect the change.

When an element is deleted from a loaded structure, a reverse

force vector {T} is added to the nodal force vector to account for
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the resulting lack of equilibrium. This vector is computed as follows.
The incremental forces in global coordinates associated with the element
to be removed are computed by a transformation of Equation 3.30b,

giving
- T _ T
{28} = -[ri] {8Q;} = -[ri] ky {895} (5.1)

The total element force vector is obtained by summing the incremental

forces for each load step,

i
(53 = 1

{AS.} (5.2)
=1
These forces are removed with the deleted element by applying a reverse

element force vector given by
{T;} = -{5;3 (5.3)

A reverse force vector is added to the global nodal force vector for
each element which is removed.

The member removal program performs several important functions.
First, since the original structure definition must be preserved, the
program sets a flag to instruct the analysis program to disregard the
contribution of the damaged members. Second, any node which is left
without connecting members is compressed out of the system of equations.
This is done by constraining the free node to have zero displacement.
Also, if_a dependent node is eliminated, the program transfers the
dependency to the first active node and makes the necessary changes to
the constraint matrix. Finally, the loads originally applied to those

portions of the structure which are to be removed are redistributed to



115

active nodes. The analyst need only indicate which members are to be
removed and the program makes the appropriate changes to the structure
definition and generates the load vector containing the reverse of the

element forces before removal.

5.2.4 Result Interpretation

The postprocessing programs display the response of a structure
and its components to the imposed loads. After any incremental step,
the analyst may invoke the postprocessing routines to examine quanti-
tative and qualitative responses. The black and white vector scope is
used to display the structure deflected shape, the load-deflection
curve for any degree of freedom, and the structural response of any
element.

A display of a typical deflected structure is shown in Figure 5.7.
The beam-column elements are drawn as third-order curves. The dis-
placements may be drawn to an exaggerated scale to make interpretation
easier and a "zoom" function is available to enlarge any selected
portion of the display. This type of display is particularily effective
for determining such things as proper definition of displacement con-
straints, correct application of loads, and symmetry of behavior.

The load-deflection response is of considerable interest in non-
linear analysis. As the load is increased, any change in stiffness due
to nonlinear and inelastic behavior is im@ediate]y apparent. A
characteristic curve showing horizontal load versus lateral deflection
for the simple frame discussed by Horne and Merchant [85] is shown in

Figure 5.8. This diagram shows the ability to trace the descending
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branch of the load-deflection curve.

The beam-column element response display depicts the relation of
the member end forces to the yield surface. This allows the user to
assess the interaction of forces which may Tead to plastic hinge
formation. Figure 5.9 shows a typical member yield surface and a
trace of the bending moment and axial force for a particular cross
section as the load is incremented. In this instance the cross section
yields and the force point is observed to remain on the yield surface
during subsequent load increments. The moment-rotation curve for the
connection element graphically depicts the degree of yielding of such
an element, and allows the analyst to determine a measure of the energy
dissipated during plastic deformation. The response of a connection
subjected to several cycles of reversing load is shown in Figure 5.10.
' Postprocessing capabilities also include use of a color frame
buffer and a color CRT. A structure can be color-coded using, for
example, colors corresponding to the proximity of the forces on a
beam section to the yield criterion. Plastic hinges at the member
ends are drawn as solid dots of a different color. Figure 5.11 shows
a structure consisting of beam-column elements displayed in color. A
display such as this indicates how close any point in the structure
is to its associated failure criteria. It allows the analyst to
determine at a glance those portions of the structure which have sig-
nificant reserve capacity or those areas which have either yielded or
are close to yielding. The mechanism causing collapse may also be
easily distinguished. This type of display is not intended to replace

the actual data available in hard copy or viewed on the vector display;
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Figure 5.11 Color Display of Beam-Column Frame

Figure 5.12 Color Display Illustrating "Zoom" Feature
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rather it should compliment these other means of reviewing output data
and provide the analyst with a general "feel" for the behavior of the
structure.

Several features are available to enhance this capability to dis-
play element response in color. First, different element types may
be displayed in different color ranges to make each element type dis-
tinguishable. Eight different ranges consisting of twenty colors each
are currently available. A software zoom capability permits the
analyst to inspect more closely a particular area of the structure.

An example of this is shown in Figure 5.12. A color scale may be drawn
adjacent to the structure to permit approximate evaluation of the
degree of distress. Another feature permits the analyst to point to a
color on the color scale and cause all points on the structure of the
same color to be displayed in a blinking mode. Conversely, the

analyst may point to any location on the structure and cause the
corresponding color on the scale to blink. Figure 5.13 shows an
example of this feature in which those portions of the structure

within 25% of yielding are blinking (shown as black).

Graphic displays clearly do not always meet the demands of the
analyst since quantitative results are often required. An option is
available from the executive program to generate a file containing the
numerical results in an easily readable form. This file may either be
displayed on an alphanumeric terminal, or it may be directed to a line
printer to create a permanent record. Selective results may be
obtained; that is, either input data or results from any individual

or series of incremental steps. For example, after reviewing graphi-
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cally the results of several steps of a complex analysis, the analyst
may elect to keep a record of only the input data and the last analysis
step. Thus, an output report may be generated which consists of only

that information which is absolutely necessary.

5.3 Program File Structure and Data Flow

The progressive collapse analysis program is composed of indepen-
dent program modules. As such, data required by more than one program
must be transferred between programs by means of disk files. There
are four categories of files in this system: data files, temporary
or scratch files, save files, and formatted output files. A diagram
showing these four file types and their relation to the various
programs which constitute the progressive collapse analysis system is
shown in Figure 5.14. The purpose of this section is to describe
further the program file structure and flow of cata between program
segments.

Data files contain both the definition of the structure under con-
sideration and the results of the current analysis step. Together
these data completely describe the state of the structure at any stage
in the analysis. The structure data is generated by the problem
definition or input/edit program. These data are read by the analysis
program which in turn creates the files containing the results of the
current step. The result files as well as the structure definition
files are read by the various graphics programs to display the analysis
results.

Since the data files are overwritten at each incremental step, the
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results of previous steps are lost. The option exists to save the
results of each incremental step in compressed form; these are the
"save" files. The user specifies this option for each analysis step by
setting the appropriate flag on the analysis parameter menu shown in
Figure 5.5. Data files for any previous step may be recovered from

the saved files at any time. The data recovery program is initiated
from the executive program (see Figure 5.1).

The save files are also used to generate a formatted output file
of the analysis results. This option is again selected from the
executive program. The output file may be displayed on the user's
terminal or directed to a line printer to produce a hard copy of the
analysis results. This sequence is illustrated in Figure 5.14.

This file structure provides the analyst with the ability to com-
pute and store selected analysis results. If desired, the complete
analysis history may be stored in compressed form and recovered for
display or generation of a final report. A previous load step may be
recovered and a different load sequence applied. Alternatively, the
analyst may choose to return to a particular stage in the analysis and
remove additional members. In this way the user exercises considerable

control over the data handling as well as the analysis process.



6. EXAMPLES

In this chapter several examples are presented which illustrate the
application of the progressive collapse analysis system. These examples
serve several purposes. First is to verify the analysis results by com-
parison with known solutions. Second is to demonstrate the application
of the analysis system to the study of progressive collapse. And third
is to illustrate the use of graphic displays to assist in both problem
description and interpretation of the analysis results.

The first example compares the results of several analyses with
data for a full scale test conducted at Lehigh University. The frame
chosen for test was designed to fail in a sway type mode with plastic
hinges forming in the columns. Good agreement is found up to and through
collapse. The second example demonstrates the ability of the program to
analyze large displacement problems. A simple frame toggle is used to
i1lustrate this capability and the results are compared with those of
other researchers. Again, good agreement is found and, in fact, the
present analysis procedure is found to be more efficient. The next
example is that of a small frame which is used to illustrate the behavior
of steel frames subjected to abnormal loads and subsequent loss of
several members. The effect of removing two different columns is exam-
ined and the significant effect of shear infi1l panels on the collapse
resistance is shown. In the fourth example, the capacity of a particu-
lar structural element to withstand Toads imposed by debris from collaps-
ing floors above is evaluated. A beam section is overloaded to the point
where it no longer carries the debris loading by beam action but rather

by catenary action. The last example looks at the response of a large
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steel building frame to the removal of an exterior column. This example
is included to illustrate the ability to analyze large planar frame
structures and, more importantly, to illustrate the post-processing

capability wherein a vast amount of data can be reviewed rapidly.

6.1 Yarimci Test Frame

A comparison between the results obtained using the analysis program
described herein and the experimental results of a full scale test is
presented here. Figure 6.1 shows a three story, single bay frame which
was tested at Lehigh University by Yarimci [86]. Rolled sections, as
indicated in the figure, were used and all connections were fully
welded. The loading was non-proportional; the vertical loads were
applied first and were maintained constant during the subsequent appli-
cation of horizontal loads. The axial load versus yield load ratio for
lower story columns was 0.445 and the frame was designed to fail in a
sway-type mode with plastic hinges forming in the columns.

The structure geometry and member properties were specified using
the problem description processor described in the previous chapter.

The member properties were taken from test data for the actual rolled
selections used in the Lehigh test. These properties are listed in
Table 6.1. The loads shown in Figure 6.1 were assigned as two separate
load cases with load case 1 consisting of vertical loads and load case 2
consisting of horizontal loads. The analysis included the effects of
both geometric and material nonlinearities. Load case 1 was applied in
one step since the behavior under gravity loads was assumed to be essen-

tially linear. The horizontal load was then applied incrementally

through collapse.
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Handbook Measured Handbook Measured
EI El i M
p P
Section 2 9
kip-in. kip-in. kip-in. kip-in.
x 104 x 104
W10 x 25 394 390 1060 1100
M 5x18.9 70 73 400 400
Table 6.1 Measured Properties of Beam and Column Sections
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The load-displacement curve for the sway at the first story is used:
to compare with the results obtained in the Lehigh test. An analysis was
performed using the AISC yield interaction relation. The yield surface
for the W 10x 25 section is shown in Figure 6.2. Figure 6.3 shows a plot
of the analysis results along with the test results reported by Yarimci.
Excellent agreement is obtained for the collapse load while the lateral
displacement at the collapse load is somewhat underestimated. A second
analysis was performed including the effects of 1% strain hardening.
Results of this analysis are shown in Figure 6.4. As can be seen, the
load-deflection curve matches the test results quite closely. Both
analyses provide a reasonably accurate account of the behavior of the
structure up to and through collapse.

It is possible to neglect the interaction of the axial load and
bending moment for the determination of the onset of yield. This is
done by simply providing an interaction-free yield surface of rectangular
shape. The yield surface for the W 10x 25 section used in this example
is shown in Figure 6.5. A third analysis was performed using inter-
action-free yield surfaces and no strain hardening. A plot of the lat-
eral deflection of the first story versus the applied lateral load is
shown in Figure 6.6. Note that the frame reaches collapse at a load of
2.86 kips which is approximately 77% greater than the collapse load pre-
dicted using the AISC interaction relation and no strain hardening. For
structures such as this, where the effects of axial loads on the yield
criteria are significant, it is essential that thevana1ysis pracedure

accounts for the interaction of axial load and bending moment.
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6.2 Williams' Toggle

To demonstrate the applicability of the analysis program to problems
exhibiting large displacements, the rigid jointed toggle shown in
Figure 6.7 was analyzed. This toggle was first studied by Williams [87].
A comparison is made here between the results obtained using the present
capability and those obtained by Ebner and Ucciferro [88] using the for-
mulations of Martin [36], Jennings [38], and Powell [89]. The values of

E=10.278x 10 Tb/in, I=9.0039x 10 in®, and A= 0.1829 in?

are those given
by Ebner and Ucciferro.

Due to the symmetry, it was only necessary to analyze one half of
the structure. Eight elements were used to permit a direct comparison
with the incremental solutions presented in Reference [88]. A plot of
the centerline deflection versus applied load is shown in Figure 6.8 for
both Williams' solution and the solution obtained from the present study.
As can be seen, the incremental procedure presented herein gives excel-
lent results.

The results presented by Ebner and Ucciferro for several alternative
formulations are given in Table 6.2. The centerline deflection at a load
of 80 pounds is used as a basis of comparison. Both load increment and
deflection increment solutions are shown. A Tload increment of one pound
was used while the displacement increment was 0.007 jnches. The results
for the present analysis were obtained using the predictor-corrector
procedure and a load increment of four pounds in combination with a dis-

placement constraint of 0.05 inches. This resulted in fifteen steps in

which each step required two solutions of the global stiffness equations.



Load, P (1bs)

135

P = 80 1bs.
v

aL/\E

4
S

]3" 13!!
E = 10.278 x 10° 1b/in I =9.0039 x 1074 in*
A = 0.1829 in2 Rise at centerline = 0.32 in
Figure 6.7 Shallow Toggle with Central Load
80 -
— Present Analysis
--- Williams [87]
60 +
40 +
20 +
0 ; : : : - o]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Deflection (in)

Figure 6.8 Centerline Deflection vs. Applied Load



Centerline
Formulation ‘deflection (in.)

Williams 0.611
Jennings 0.639
Powell 1 1b load inc. 0.639
Martin 0.640
Martin 0.007 in. displ. inc. 0.621
Jennings 0.616
Present 4 1b. load inc. 0.618
analysis .05" displ. 1imit )

Table 6.2 Incremental Solutions for Toggle
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It is seen that the results for the present analysis capability are
in excellent agreement with the solution given by Williams. The results
differ by approximately one percent. The present analysis capability is
also seen to give better results than those of the formulations studied
by Ebner and Ucciferro. This can be attributed to the use of the predic-
tor-corrector scheme in the present analysis program. It can be con-
cluded that this procedure is quite efficient and should be used in place

of the simple-step procedure.

6.3 Four Story, Three Bay Steel Frame

This example is one which demonstrates the capability to remove one
or more members in a structure to investigate the ability of the struc-
ture to resist a progressive collapse type of failure. The analysis is
conducted as follows. First, the structure is subjected to the loads
which may reasonably be expected to occur during normal service. The
combination of 1.0 Dead load + 0.45 Live Toad + 0.20 Wind load, as
suggested by Leyendecker and Ellingwood [11], is used here. Next, one or
more members is removed to simulate the loss, through accident, of load
carrying capacity. The reverse of the forces acting on the damaged
members prior to removal are then applied to the remaining structure. A
determination is made as to whether or not the structure is able to with-
stand the loss of the selected members. The graphics displays assist
greatly in the evaluation of the structure and in the assessment of the
severity and extent of damage.

The four story, three bay steel frame shown in Figure 6.9 is used to

j1lustrate this capability. Such a structure represents a typical framing
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scheme for a low-rise apartment or small office building. The frame

is designed in accordance with the AISC Manual of Steel Construction [55].
The loading consists of uniform dead load plus live load on the beam
sections and wind load acting on one exterior face of the building. The
beams are divided into several segments to approximate the uniformly dis-
tributed load using concentrated forces. Similarly, the wind load is
applied as concentrated forces acting at the floor elevations. Wide
flange sections are used throughout and are shown in Figure 6.10.

Several alternative schemes for member removal were investigated.

In the first case, the exterior second story column was removed. It
was found that the structure reached collapse at 69% of the applied
reverse forces. Thus, for an abnormal Toad which caused the loss of
load carrying capacity of this particular member, the frame was found to
collapse. Figure 6.11 shows the deflected shape of the frame at the
collapse load. The deflections have been exaggerated for clarity.
Significant deflections are obvious in the ‘cantilevered portion of the
damaged structure. The Toad-deflection history .for the y-displacement
of "point A" is shown in Figure 6.12. A downward deflection of 4.7
inches occurs at the collapse load. Plastic hinging has occurred in
several members at this load and a mechanism has formed. A color display
of the structure at the collapse load is shown in Figure 6.13. The
plastic hinges are indicated by blue dots. A display such as this pro-
vides the analyst with a clear picture of the structure behavior and
facilitates assessment of the damage.

A second case assumed the removal of an interior column at the

second story level. It was found here that the reverse forces were
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Figure 6.13 Structure Response at Collapse Load (case 1)

Figure 6.14 Structure Response at Service Load (case 2)
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accommodated and the structure, therefore, did not collapse. Damage, in
the form of plastic hinging, occurred at several locations in the struc-
ture. Figure 6.14 illustrates the ability to enlarge a portion of the
color display to facilitate evaluation of the damage. The maximum dis-
placement occurred at "point B" and was equal to 0.8 inches vertically
downward. Levels of damage, as determined by this analysis, are within
reason and safe evacuation of the building could be accomplished.

In the third case, the effect of shear walls on the behavior of
the frame subjected to the removal of an exterior column was investigated.
Shear infill panels were added to the exterior spans (the interior span
was assumed to be a corridor). The exterior column at the second story
and the shear wall in that bay were removed (see Figure 6.15), and
twelve analysis steps were performed. The walls were found to provide
considerable strength, and, in fact, permitted the service load combina-
tion to be carried with only minimal damage to the structure. Cracking
was found in the shear wall directly above the removed panel. This is
evidenced from the color display shown in Figure 6.16 where the 1imit is
defined as the initiation of first cracking. No plastic hinges were
found to occur in the beam sections. Again, damage was limited to the
jmmediate area around the location of the abnormal load event and the
structure remained essentially intact. A deflected shape display is
shown in Figure 6.17. Note that only beam-column elements are shown in
this figure. The deformations are scaled as before but are seen to be
considerably smaller than in the previous cases.

In this example it was found that the building collapsed if an

exterior column was lost through an abnormal load event. If, on the
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Figure 6.16 Structure Response at Service Load (case 3)
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other hand, an interior column was removed, the building did not collapse.
Thus, the analysis has indicated which members, if lost through accidental
loading, would cause the building to collapse. Based on this information,
either of two alternative design strategies could be implemented. First,
those members which, when removed, initiated collapse could be designed
to resist the abnormal load. This is an example of the specific local
resistance method discussed in Chapter 2. Alternatively, progressive
collapse could be prevented by strengthening the structure so as to pro-
vide an alternate path of load resistance. This, of course, is the
alternate load path method also discussed in Chapter 2. The progressive
collapse analysis program is seen to be applicable to the implementation
of both of these design strategies.

A second point should be made regarding the results of this example.
It was found that including the shear-infill panels greatly strengthened
the frame; the loss of an exterior column as well as one panel did not
lead to collapse. While not often considered in design, infill panels
are seen to have a significant influence on the stiffness and strength
of a frame structure. For an accurate evaluation of the collapse resis-
tance of a frame building, such contributions should not be overlooked.

This example also serves to illustrate the ability to evaluate
alternative member removal schemes easily and quickly using interactive
computer graphics. Both the black and white and color displays provide
the analyst with the information needed to assess the damage caused by
the loss of load carrying capacity of one or more members. The speed

with which a structure can be modfied to account for the loss of members
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as well as the speed with which the results can be evaluated, make
computer graphics particularly attractive in progressive collapse

analysis.

6.4 Overloaded Beam

When collapse of a portion of a building occurs, the falling debris
imposes severe loads on the remaining floors. It is essential to deter-
mine whether such an overload can be carried without causing further
collapse. In addition, important data regarding required strength, con-
tinuity and ductility should be obtained. In this example the case of
falling debris imposing an overload condition on a beam section is
investigated.

This particular example involves the study of a beam which has a
span of 20 feet and which is rigidly supported at its ends. The beam is
a W18x35 wide flange with section properties obtained from the AISC
Manual of Steel Construction [55]. Due to the symmetry of the support
conditions and assumed loading, only one half of the beam was modeled.
For purposes of analysis the beam was divided into nine segments as
shown in Figure 6.18. Small segments were located at the support and
center of the span to permit the spread of plasticity. Solutions were
obtained for 0%, 2%, and 5% strain-hardening, expressed as a percentage
of the elastic modulus.

In addition to the design dead plus Tive load which was assumed to
be uniformly distributed, the beam was subjected to debris Toads with
the distribution shown in Figure 6.19. The loading is seen to be symmet-

rical about the beam centerline. The values of the debris Toad shown
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in Figure 6.19 are assumed to include an impact factor since the loads
must be applied statically. The loads were applied as two separate load
cases; the first case being the design loads and the second case the
debris Toads.

The design dead plus live load is carried by bending with no plastic
hinges forming. As the debris load is applied it is initially carried
by bending action. Yielding, however, occurs at the supports and center
of the beam. Beyond this point the overload is carried primarily by
catenary action; that is by tension in the beam as it deflects. Nonlinear
behavior is exhibited as a result of the change of geometry due to elonga-
tion of the beam. For a tension structure such as this, the stiffness
increases with increasing load. If the axial yield load is reached,
the elastic-plastic portion of the beam can carry no additional Tload and
will elongate plastically. The resulting change in geometry, however,
will permit the system to remain stable and accommodate additional Toad.

For the case of no strain-hardening, plastic hinges formed first
at the supports and then at the center of the beam. When the center
hinge formed, the beam had a total vertical deflection at the mid-span
of 0.67 inches. This can be seen in the load-deflection diagram shown
in Figure 6.20. Beyond this point the additional load was carried
entirely by catenary action. The beam stiffness with respect to the
lateral loads was essentially zerc since the beam had not as yet
deflected significantly. Note the zero-slope portion of the load-
deflection curve in Figure 6.20. With increasing deflection, however,
the beam stiffness increased. In this particular case the member axial

yield load was reached when the vertical deflection was about 5.8 inches.
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Note that the program feature described in Section 4.1.7 permitted a
stable solution after axial yielding had occurred. As can be seen,
additional load was carried with additional beam elongation. The load-
ing was terminated when the maximum deflection reached 10.0 inches.

Consider next the cases of 2% and 5% strain-hardening. In both
cases, once plastic hinges had formed at both the mid-span and the
supports, the beam continued to support the overload in part by bending.
This was due, of course, to the non-zero strain-hardening modulus. A
display of the generalized load versus mid-span deflection is shown in
Figures 6.21 and 6.22 for 2% and 5% strain-hardening, respectively.
Note the absence of the zero-slope portion of the load-deflection
curves. The 5% strain-hardening case exhibited a stiffer behavior and
more gradual transitions in the load-deflection characteristics as the
hinges formed. Laboratory tests would be necessary to determine the
appropriate value of strain-hardening to use. Figures 6.23 and 6.24
show the moment-axjal load history for member 6-7 for the cases of 2%
and 5% strain-hardening, respectively. It can be seen that axial
yielding has occurred in the case of 2% strain-hardening but not in the
case of 5%. Again, a stable solution is achieved when a section reaches
its axial yield load. A color display of the 2% strain-hardening case
js shown in Figure 6.25. The blue areas indicate regions where yield-
ing has occurred. Note the gradual curvature of the beam at both the
support and mid-span and the spread of plasticity.

The severe requirements on structural joints and members may be
seen from the above analysis. The joint tie force in the above

analyses, for example, is approximately equal to the yield force of
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the beam (371 kips). This is an extremely severe requirement for a
joint; most standard steel framing joints would not be capable of carry-
ing such a load. It is this type of data, however, which is necessary
to determine if a structure will survive an abnormal load as well as

possible debris load resulting from partial collapse.

6.5 Lehigh Frame B

This last example illustrates an application of the progressive
collapse analysis program to a ten story, three bay steel frame. This
frame was presented in the Lehigh Tecture notes from the summer course
on plastic design in structural steel [90]. A diagram of the frame and
loading is shown in Figure 6.26. The members were selected on the basis
of the plastic design method. The member sizes are given in Figure 6.27.
Each beam is divided into five segments to approximate the uniformly
distributed Joad as a series of concentrated loads. This results in a
problem size of 220 members and 194 joints.

The structure was loaded with the service load defined by 1.0 Dead
load + 0.45 Live load + 0.2 Wind Tload. After application of the service
Joad, the exterior column on the third level was removed using the
member removal feature. The reverse forces were then applied incremen-
tally. The load step tolerance was specified to be 0.02. This guaran-
teed that no load step would be smaller than 2% of the reverse forces.
Although this feature permits a member to yield at a value below its
specified yield, the total number of incremental steps is greatly
reduced. For this particular example, the reverse forces were applied

in eight steps while plastic hinges formed in a total of 27 joints.
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" 1t was found that the collapse load was reached when only 36% of
the reverse forces were applied. A color display of the structure at
collapse is shown in Figure 6.28. A mechanism has formed in the portion
of the structure which is cantilevered due to the removal of the
exterior column. Since there was very low axial force in *ns beam
members, yielding occurred at the plastic moment capacity and there was
no post-yield interaction. In this particular case no strain hardening
was specified. Thus, with the formation of sufficient hinges in the
beams, a true mechanism occurred. The structure was unable to take
additional load beyond this point.

This example is perhaps somewhat unrealistic since the contribution
from adjacent frames was neglected. It is likely that a steel frame
such as this would have sufficient continuity between bents to assist
in bridging the damaged area. Nevertheless, the example points out the
use of several program features and illustrates the application of the
progressive collapse analysis system to a large, well designed, and

realistic frame.
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Figure 6.28 Structure Response at Coilapse Load



7. SUMMARY AND CONCLUSIONS

The work presented in the previous chapters is summarized here and
several conclusions are drawn from the results of the study. 1In

addition, a few suggestions for future work are presented.

7.1 Summary of Work Presented

Progressive collapse is a situation in which a localized failure in
a structure, caused by an abnormal load, triggers a cascade of failure
affecting a major portion of the structure. Several buildings have
collapsed in this fashion in recent years and the possibility of pro-
ressive collapse is a source of continuing concern. The incidence of
progressive collapse is significant; approximately 15-20% of the total
number of collapses which occur may be classified as progressive
collapse. More importantly, the trend in the number of collapses of
this type is increasing. This is due, in part, to recent developments
in the efficient use of building materials and refinements in analysis
techniques which have resulted in structures with a considerably
smaller true margin of safety.

To investigate whether or not a local failure will spread, the
analyst needs procedures that account for the sequential nature of the
phenomenon wherein progressive failure of portions of the structure
continually modifies the structural system under analysis. The proce-
dures must be capable of tracing the behavior of the structure not only
to the point of incipient damage, but beyond the initial damage stage

into a true 1imit state in which the badly damaged structure is called

161
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upon to resist imposed loadings. The research reported herein is con-
cerned with the development of a highly accurate and general computer
program for the analysis of structures for their resistance to progres-
sive collapse.

Several alternative methods to deal with the problem of design for
the prevention of progressive collapse were discussed in Chapter 2.
Among them were event control, indirect design, and direct design.

Event control refers to reducing the risk of progressive collapse by
gither eliminating the abnormal load event which may trigger a collapse
or by reducing the effect of the abnormal load. Indirect design refers
to consideration of resistance to progressive collapse by specifying
minimum Tevels of strength and ductility so that a structure is able to
bridge over a damaged area irrespective of the cause of the initial
failure. The direct design approach explicitly considers resistance to
progressive collapse and the ability of a structure to absorb localized
damage. Direct design has been further divided into the alternate load
path method and the specific Tocal resistance method. The computer
program described herein has been shown to contribute to the implementa-
tion of each of these design strategies.

Chapter 3 dealt with the analysis of structures to account for both
material and geometric nonlinearity. Several nonlinear solution tech-
niques including incremental, iterative, and mixed procedures were
discussed. It was concluded that, among the various methods described,
the incremental procedure offered the most versatility for the class of
problems being studied. The Updated Lagrangian formulation was described

and the nonlinear incremental stiffness matrix for the beam-column
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element was developed from the principle of stationary potential energy.
Two incremental solution techniques were described next; the simple-step
procedure and the predictor-corrector procedure. The predictor-correc-
tor method has proven to be considerably more efficient than the simple-
step method, but either of these procedures may be selected in the
analysis program. Finally, several program features such as the incremen-
tal step termination criteria, load-step tolerance, and post-collapse
behavior were described.

In Chapter 4 the various structural elements which constitute the
present capability were described. These elements include the beam-
‘column, shear infill panel, and semi-rigid connection. The beam column
element is used to model frame members which may yield through the for-
mation of generalized plastic hinges. The member yield criterion is
defined by a two-dimensional yield surface which accounts for the inter-
action between the member axial force and bending moment. The shear
infi1l panel is included to represent the stiffness imparted to a framed
structure by a wall of masonry or other similar construction. The
element has shear resistance only and is represented by a bi-linear
stress-strain relation. The connection element models both the linear
elastic and the nonlinear inelastic behavior of steel beam-to-column
building connections. Eithef a linear segmented model or a continuous
Ramberg-0sgood model may be used to represent the nonlinear moment-
rotation relation.

Chapter 5 described the computer programs developed for the inter-
active analysis of building structures for progressive collapse. A

definition of interactive computer graphics, as it relates to the
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immediate problem of adaptive structural analysis, was given. Next, the
four basic program modules which constitute the Progressive Collapse
Analysis System were described. They are: problem definition, analysis
control, member removal, and result interpretation. The role of both
interactive computing and computer graphics in each of these functional
areas was stressed. Finally, the data base and the associated data flow
between the independent program modules was described.

Several examples which illustrate the use of the Progressive
Collapse Analysis System wera2 presented in Chapter 6. The examples
included verification of analysis results by comparison with test data
and with known solutions. In addition, several applications were pre-
sented which demonstrated the member removal capability and the subse-
quent analysis to determine the collapse resistance of the structure
under consideration. The use of graphic displays to assist in both the
definition of a structure and its properties and the interpretation of

analysis results was illustrated.

7.2 Conclusions

Although the probability of occurrence of an abnormal load is quite
small, the consequences of a progressive collapse type of failure are
high both in the loss of property and in the potential for injury and
loss of life. The collapse of the Ronan Point apartment building bore
this out in a tragic way. Thus, the possibility of progressive collapse
in residential buildings may be considered to pose a serious threat.

Considerable research needs to be conducted in the area of progres-

sive collapse as there are many questions which remain to be answered.
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What types of building construction are most prone to be a progressive
collapse type of failure? What joint details contribute most to the
overall lack of ductility and continuity in a structure? How can these
joint details be improved upon so as to assure good structural integ-
rity? How does one establish whether or not alternate load paths exist
in the event of the loss of load carrying capacity of one or more
members? And, what would be the extent of damage to a structure if a
Tocalized failure were to occur? It is clear that there exists a need
for the development of highly accurate analytical models which are
capable of predicting behavior of structures in the event that one or
more elements or joints becomes ineffective.

Such an analysis system can be employed in a variety of ways to
implement the various design strategies. Specifically three alternative
ways in which the analysis capability developed herein can be used are:

(1) To determine if alternate paths may be developed upon the

removal of one or more load carrying members.
(2) To identify those members which, if removed, would precipitate
a collapse. \

(3) To assist in evaluating requirements for general structural
integrity such as ductility, tie forces, joint resistance,
and continuity.

Examples of progressive collapse have occurred in virtually every
type of construction. The present study has addressed only the analysis
of steel fraimed structures. It should be noted that steel structures,
as a class, are perhaps the least susceptible to progressive collapse.

This is due to the inherent ductility of steel and the significant
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continuity provided by typical balted or welded framing connections.
Since failure theories of steel frame members are the most refined, it
was felt that this type of structure afforded the best opportunity to
explore the philosophy of a progressive collapse aralysis system.

The risk of progressive collapse is probably the greatest in large
panel and bearing wall structures. The increased susceptibility to
progressive collapse is due to a combination of the brittle nature of
concrete and the general lack of ductility and continuity in the overall
structure as a result of the joint details. However, due to the com-
plexity of the behavior of such construction, Tittle analytical work
has been conducted in this area. Analytical procedures for evaluating
such structures for resistance to progressive collapse must be developed
if a realistic analytical approach to progressive collapse is desired.

In the present study only the case of planar frames is considered.
Although the representation of a three dimensional structure as a planar
frame is often adequate for design purposes, it is not realistic for
collapse analysis. This two-dimensional representation of a three
dimensional structure precludes taking into account the contribution of
adjacent framing. In general, this additional support would assist in
bridging over a damaged area and would improve the collapse resistance
of the structure. Therefore, to predict more accurately the resistance
of a structure to progressive collapse, a three-dimensional analysis
should be performed.

Another significant assumption made in the present study was that
loads and reverse forces are applied in a quasi-static fashion. In

reality, the dynamic response of a structure subjected to abnormal



167

loading should be considered. There are several areas in which dynamic
effects may be significant. For example, when a member loses its load
carrying capacity due to some extreme load, it does so over a finite
period of time. The actual time history of the application of the
reverse forces may have an important effect on the response of the
structure. In addition, faliing debris may cause significant impact
loading to the remaining structure and therefore should be considered
dynamically. Considerable research remains to be conducted on the
dynamic behavior of structures undergoing collapse. It may be found
that approximate methods using static loads are sufficient for the
degree of accuracy required. However, the question of the importance of
including dynamic effects in analysis for progressive collapse is, as
yet, unanswered.

The complex nature of nonlinear analysis of structures in the
damaged state has rendered such studies extremely difficult in compari-
son with linear elastic analysis. This is due, in part, to the time
required to generate the structure geometry and properties as well as
the difficulty in interpreting the vast amount of data which results
from an analysis. This is especially true if three-dimensional and
dynamic effects are considered. The incorporation of interactive com-
puter graphics techniques to assist in the definition of a structure and
interpretation of the results has aleviated many of these difficulties.
With the aid of interactive graphics devices the data defining a struc-
ture can be generated in far less time than it can be using conventional
methods. Also, the speed with which analysis results may be reviewed

js significantly improved with the use of both black and white and color
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displays. Graphics has also been shown here to greatly expedite mul-
tiple analyses of the same structure with various elements removed.

Many areas of research in progressive collapse remain. The present
study has been concerned only with the development of analytical tech-
niques for evaluating building structures for resistance to progressive
collapse. Equally important, however, is the area of laboratory tests
to both confirm analytical results and provide data for analytical
models. Particular emphasis should be given to the study of joint
behavior. Tests should be conducted through collapse and should account

for the gross deformations characteristic of heavily damaged structures.

7.3 Future Work

The computer program developed in the course of the present
research, though Timited in scope, has proven to be successful for the
particular class of structures it was designed to analyze. The need
exists to develop comparable analytical models for a broader class of
structures including cast-in-place concrete structures and panel and
bearing wall structures. In addition, as was noted in the previous sec-
tion, these capabilities should be extended to include three-dimensional
structures. This is not, in all cases, a simple extension of two-
dimensional analysis techniques since increasingly compiex stress states
are more difficult to model accurately. In many cases the analytical
models for predicting such behavior have yet to be developed.

Also noted in the previous section was the need to investigate the
dynamic response of structures subjected to abnormal load events. The

reverse forces should be applied as a time varying load, possibly with
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a linear variation. Also, debris loading should be accounted for
including the impact effects. It remains to be determined if such
dynamic analyses are justified or whether quasi-static solutions will
provide the required accuracy. Wnether or not dynamic analyses are
routinely conducted in progressive collapse analysis, the time dependent
nature of this phenomenon must be studied.

Nonlinear analyses are currently extremely time conisuming and
expensive to conduct. Extension to the three-dimensional case and
inclusion of dynamic behavior will significantly increase the solution
time for an analysis and the results will be even more voluminous. The
case'for computer graphics to assist in the interpretation of analysis
results will therefore be even stronger. Color displays could be used
to depict some measure of structure response as a function of time.
Thus, the analyst could view a real time or slow motion display of the
structure and observe the evolving regions of distress; the formation

of cracking patterns in concrete and masonry and yielding in steel.



APPENDIX A
Elastic and Geometric Stiffness Matrices

for the Beam-Column Element

The six degrees of freedom and corresponding forces for the beam-

column element are given in Figures 4.6 and 4.7. The elastic stiffness

matrix is
AE -AE .
T 0 0 : 0 0
12E1 6EI 0 -12EI 6E1
L3 L2 L3 L2
} 4E1 -6E1 2E1
[ked = L 0 X L
At 0 0
(symmetric) ]251 -651
L L
4EL
R L

where A is the member cross sectional area, E is the modulus of
elasticity, L 1is the member length, and I 1is the moment of inertia

of the cross section.
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The geometric stiffness matrix is

. 0 0 -T 0 0
@ » o, 2 P

5L 10 5L 10

] 2L ERY
[kgd = 15 0 0 30
{- 0 0

: 6P -

(symmetric) 5 10
2L

8 15

where P is the axial force in the member with tension positive

(P=F ]).

X



APPENDIX B

Derivation of the Elasto-Plastic Material Stiffness Matrix

The following derivation follows closely the derivation for the
tangent stiffness of an elasto-plastic beam-column member presented by
Porter and Powell [33].

The element strain increments can be expressed as the sum of the

elastic and plastic parts.

{Ae} = {Aee} + {Aep}. (B.1)

The stress increments are related to the strain increments by

{ac} = [E] {2e,} . (8.2)

The normality criterion states that the increment in element

stresses is orthogonal to the increment in plastic strains

{Aep}T {ac} = 0 . (B.3)

If the yield criterion is given by a series of linear relations of

the form

then the plastic strain vector, in accordance with Equation (B.3) may be

written as

{Aep} = {¢1.’c}>\ (B.5)
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in which {¢1,c} js a vector of partial derivatives of ¢i with respect
to the principle stresses, and A is the plastic strain magnitude.
Since {¢i,c} defines the components of the outward normal to the Tinear
yield criterion, A must be positive is plastic strain is to occur.

When the stress point lies on more than one Tinear yield criterion,
Equation (B.5) must hold for each. Hence, the total plastic deformation
increment is the sum of the contributions from each criterion. In matrix

form
{Aap} = [¢’G] {1} (B.6)

in which [¢,0] js a matrix having a column for each of the active
yield criteria such that each column is {¢1’0}, and {A} 1is a vector
having a row for each of the active criteria.

Now, substituting Equation (B.6) into Equation (B.3), the following

is obtained:
o [o G]T {ac} = {0}. (8.7)

Since Equation (B.7) holds regardless of the .magnitude of the plastic
deformations, it follows that {A} is arbitrary and may be eliminated,

giving
o 1 {ac} = {0} . (8.8)

From Equations (B.1), (B.2), (B.6) and (B.8)
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() = [o 1" [€] {ae } (8.9)
= [o 17 [E] {fae} - {ne }} (2.10)
= [0 17 [E] (e} - [0 ;1 O} (8.11)
= [s 7 [€] toe} - [0 (17 [E] [0 ;] 011 . (8.12)

Solving for the plastic strain magnitudes, {1}

-1
0y = fro 3T [E1 [0 1] [ 17 [ED fach . (8.13)

The elasto-plastic material stiffness matrix may be obtained fiom

Equations (B.1), (B.2), (B.6) and (B.13) as follows:

{ac} = [E] {Aee} (B.14)
= [E] {{ae} - {Aep}} (B.15)
= [E] {{ae} - [¢ G] A1} (B.16)

1

(€] tteed - Lo 1 [[o 17 1€ [0 1]

o 17 [E] {ac}} (8.17)
1

[[E] S e 0o 3 1o 37 CED 0o ]

[¢,0]T [Ei]{Ae} (8.18)

= [Eep] {Ae} .
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